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PREFACE 

Planetary  gearing  is  a  subject  which  often  gives  the  student  and 
junior  engineer  considerable  trouble;  and  even  experienced  designers 
occasionally  encounter  difficulties  in  the  solution  of  problems  connected 
with  this  type  of  gearing. 

Strictly  speaking,  planetary  gearing  consists  of  an  arrangement  of 
gears  in  which  the  planetary  gears  revolve,  not  only  about  their  own 
axis,  but  also  in  "planetary"  fashion  about  the  common  axis  of  the 
sun  and  annular  gears  with  which  the  planets  mesh.  However,  the 
term  "planetary"  is  often  applied  to  gearing  in  which  the  planet  gears 
have  no  planetary  motion  at  all. 

It  is  the  additional  planetary  motion  and  its  resultant  effect  on  the 
ratio  and  efficiency  of  the  whole  assembly  which  introduces  complications 
not  experienced  in  other  types  of  gearing. 

It  is  not  sufficient  to  determine  the  relative  speeds  and  directions  <    . 
of  rotation  of  the  various  members  of  the  unit,  and  the  reduction  ratio; 
it  is  also  necessary  to  determine  the  tooth  and  bearing  loads,  and  to 
obtain  a  good  approximation  of  the  efficiency  under  load  and  power    \ 
conditions. 

This  book  has  been  written  to  indicate  a  clear  method  of  approach 
to  these  topics,  thereby  enabling  the  reader  to  solve  more  readily 
problems  in  planetary  gearing,  leading  to  more  satisfactory  and  practical 
results. 

H.  W.  HARDY,  A.M.I.MECH.E. 
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CHAPTER  I 
VELOCITY  AND  SPEED  ANALYSIS 

One  of  the  most  convenient  and  satisfactory  methods  of  analysing 
any  planetary  gearing  unit  is  what  is  usually  described  as  the  tabular 
method.  This  will  give  satisfactory  results,  no  matter  how  complicated 
the  design  may  be. 

In  analysing  a  particular  unit  by  this  method,  all  the  members 
are  first  considered  to  be  locked  together,  and  the  entire  combination 
imagined  to  be  given  one  revolution  in,  say,  a  clockwise  direction. 

Next,  the  stationary  member  is  imagined  to  be  turned  back  one 
revolution  in  the  opposite  or  anti-clockwise  direction,  to  bring  it  back 
to  its  original  fixed  position,  whilst  the  driving  member  is  held  stationary. 
Assuming  these  conditions,  the  movements  of  each  member  are 
calculated. 

The  results  of  both  these  steps  are  tabulated,  and  their  algebraic 
sums  give  the  numbers  of  revolutions  and  the  relative  directions  of 
rotation  for  each  member. 

However,  when  efficiency  has  to  be  considered,  which  is  dependent 
on  tooth  pressure  and  bearing  loads,  the  author  has  found  that  the 
lever  method,  as  outlined  in  Machinery's  Encyclopaedia,  Vol.  Ill,  is 
far  more  convenient,  because  it  provides  a  ready  means  of  determining 
the  tooth  pressures  and  their  resultant  bearing  loads.  Also,  the 
direction  of  rotation  of  the  members  can  be  obtained  with  much  less 
chance  of  error. 
Example  1 

Consider  the  simple  arrangement  of  planetary  gearing  shown  in 
Fig.  1.  If  the  planet  gear  be  replaced  by  a  lever  which  has  its  fulcrum 
on  the  pitch-circle  of  the  stationary  internal  gear  £),  it  is  quite  easy  to 
complete  a  system  of  levers  as  shown  below  in  the  illustration,  which 
will  have,  in  effect,  exactly  the  same  mechanical  action  at  a  particular 
instant  as  the  gears  themselves.  By  adding  the  directional  thrust  of 
the  driving  gear  B  and  noticing  its  effect  on  the  remaining  levers  of 
the  system,  the  direction  of  any  other  member  of  the  unit  can  be 
rapidly  visualized  and  established. 

Next,  the  relative  speeds  of  the  members  for  one  revolution  of 
the  driving  gear  are  determined.  Referring  again  to  Fig.  1,  in  one 
revolution  of  the  driving  gear,  or  lever  B,  it  is  evident  that  the  point 
X  travels  a  distance  of  2-nb.  Also,  as  the  point  Y  is  midway  between 
the  fulcrum  Z  and  the  point  X,  it  can  move  only  half  this  distance, 
i.e.  irfo,  for  one  revolution  of  the  gear  B. 

During  one  revolution  of  the  driven  member  A,  the  point  Y  travels 
a  distance  of  2  IT  (b  +  c)i  or  tr  (B  -{-  C),  where  the  corresponding  capital 
letters  conveniently  represent  the  diameters. 
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Therefore  the  number  of  revolutions  made  by  the  driven  member 
A  for  one  revolution  of  B  clockwise  is  equal  to 

TT    b  B 

IT  (B  +  C)        2  (B  +  C) 

But  since   B  +  2C  =  D,  this  is   equal  to   Bf(B  +  D)  in   a  clockwise 
direction. 

As  the  planet  gear  C  is  constantly  in  mesh  with  the  stationary  internal 
gear  D,  and  carried  by  the  arm  A,  the  speed  about  its  own  centre  is 
governed  by  these  two  conditions.  If  the  arm  made  one  revolution 
clockwise,  the  planet  gear  would  make  D/C  revolutions  in  an  anti- 
clockwise direction  relative  to  the  pitch  line  of  the  gear  D,  but  actually 
the  arm  makes  only  Bj(B  +  D)  revolution  for  one  revolution  of  the 


Driving  Sun  / 
Gear-B-24T. 


X  Stationary  Internal 
\    Gear -O -847: 

V 

Member -A 


Fig.  1.     The  Diagrammatic  Arrangement  of  Gears 
and   their  Representative  Levers   for  Example   1 


driving  gear.  Therefore,  the  planet  gear  makes  only  B/(B  +  D)  times 
D/C  revolutions  anti-clockwise  about  its  own  centre,  i.e.  relative  to  its 
own  bearing,  for  one  revolution  of  the  driving  gear  B. 

By  inserting  in  the  two  formulae  the  numbers  of  teeth,  the  following 
results  are  obtained  for  one  revolution  of  the  driving  gear  B  clockwise: 

24  24 

Revolutions  of  the  driven  member  A  =  — -=  —  2/9  of 

24  +  84        108 
a  revolution  clockwise. 


84> 


28 


Revolutions  of  the  planet  gear  C  =  -  24  +  84  ©  =  ~  4? 
anticlockwise. 

This  can  be  checked  by  the  tabular  method  as  set  out  in  Table  I. 

If  there  be  any  difficulty  in  determining  the  relative  speeds  of 
the  arm  and  the  planet  gears  by  the  method  indicated,  the  action  of 
the  simple  movements  of  a  rack  that  moves  a  pinion  along  another 
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TABLE  I.  SOLUTION  OF  EXAMPLE  1  BY  THE  ALGEBRAIC  SUM  METHOD 


Revolutions  of 

Planet    Gear    C 

B 

D 

A 

about  its  own 

Centre 

All  members  +  1  rev- 

+  1 

+  1 

+  1 

B  Stationary 
D  -  1  rev  

0 

—  1 

D 

B  +  D 

Algebraic  Sum 

+  1 

0 

+       B 

B            D 

Relative  Revolutions   

+  1 

0 

+— 

"fs 

but  stationary  rack  may  be  studied.  If  such  movements  be  memorized, 
there  should  be  no  difficulty  in  dealing  Avith  the  arm  or  planet  gear 
of  any  planetary  system. 

The  arrangement  of  two  racks  and  a  rolling  pinion  is  shown  in 
Fig.  2.  Here,  the  point  A  on  the  moving  rack,  in  travelling  to  the 
point  B,  a  distance  of  2  ins.,  moves  the  centre  of  the  pinion  from  C 
to  D,  a  distance  of  1  in.  This  relation  is  true  for  any  diameter  of 
pinion,  that  is,  the  centre  of  the  pinion  always  moves  half  the  distance 
of  a  point  on  the  pitch-line  of  the  rack.  If  the  top  rack  be  held 
stationary  and  the  bottom  rack  moved,  the  centre  of  the  pinion  will 
again  move  through  half  the  distance  travelled  by  the  bottom  rack. 

As  the  planet  rolls  in  a  similar  manner  on  either  the  sun  or  internal 
gear,  or  on  both,  the  same  amount  of  relative  travel  is  bound  to  follow. 
Consequently,  the  centre  of  the  planet  gear  always  moves  at  exactly 
half  the  velocity  of  the  sun  or  internal  gear,  whichever  is  the  driver. 

It  therefore  follows  that  in  Fig.  1,  with  the  sun  gear  stationary, 
the  centre  of  the  planet  gear  C  moves  an  arcual  distance  of  \-rrD  for 
one  revolution  of  the  gear  D,  anticlockwise.  Also,  for  one  revolution 
around  the  sun  gear,  the  centre  of  the  planet  gear  moves  2  IT  (b  +  c) 
=  IT  (B  +  C).  Therefore  the  number  of  revolutions  of  the  arm  for 
one  revolution  anticlockwise  of  the  fixed  gear  D  is  equal  to 

D  D  D 


ir  (B  +  C) 
anticlockwise. 


2  (B  +  C) 


2B  +  2C 


Hence  the  algebraic  sum  of  the  two  distinct  movements  is  equal  to 
D  B  +  D  -  D  B 


I  — 


B+D  B+D  B+D 

tions   of  the  arm  for  one  revolution   of  the  fixed  gear   D    = 
clockwise. 


,  or  the  number  ofrevolu- 
B 


B+D 


To  get  a  clearer  conception  of  the  relative  movements  of  the  arm 
and  the  planet  gear  as  they  move  around  the  sun  gear,  it  may  be  of 
help  to  follow  the  movements  of  the  sun  and  planet  gears  only,  relative 
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Moving  Rack 


Fig.     2.      The     Relative 

Movement    of   a   Rolling 

Pinion     when     in     Mesh 

with  two  Racks 


y«-  Stationary  Rack 


to  the  arm.  The  total  number  of  resultant  revolutions  can  be  considered 
first,  and  then  the  revolutions  of  the  planet  gear  about  its  own  centre. 

If  the  sun  gear  be  assumed  stationary,  and  the  arm  be  given  one 
revolution  clockwise,  the  planet  gear  C  is  subject  to  two  distinct 
movements,  viz.,  that  by  reason  of  its  connection  with  the  arm,  and 
the  other  by  reason  of  its  contact  with  the  sun  gear.  Reference  to 
Fig.  3  will  help  an  understanding  of  the  first  of  these  movements,  that 
is  the  movement  of  the  planet  gear  as  it  revolves  about  the  centre  of 
the  sun  gear,  without  revolving  about  its  own  centre.  The  sun  gear 
is  not  shown  in  Fig.  3  for  the  sake  of  simplicity. 

The  point  X  on  the  planet  gear,  shown  chain-dotted  in  its 
successive  positions,  revolves  once  in  a  clockwise  direction  whilst  the 
arm  makes  one  revolution  in  the  same  direction. 

With  regard  to  the  second  motion,  let  it  be  assumed  that  the 
arm  is  the  stationary  member  and  that  the  sun  gear,  back  in  position, 
is  given  one  revolution  anticlockwise.  Under  these  conditions  the 
planet  gear  will  make  B/C  revolutions  in  a  clockwise  direction,  or  24/30 
=  4/5  of  a  revolution.  This  is  true  for  the  rotation  of  the  planet  gear 
about  its  own  centre,  when  the  sun  gear,  is  stationary  and  the  arm 
makes  one  revolution  clockwise.  Consequently,  the  resultant  move- 
ment of  the  planet  gear  for  one  revolution  of  the  arm  in  a  clockwise 
direction  is  equal  to  the  algebraic  sum  of  these  movements,  viz.: 

2  +  l,~or  45  +  1  =  1  1  revolution. 
C  5 

To  arrive  at  this  solution,  the  sun  gear  was  assumed  to  be  stationary, 
but,  in  the  first  example,  Fig.  1,  the  sun  gear  actually  makes  one 
revolution  clockwise,  and  the  driven  member  B  (B  -+-  D)  revolutions 
clockwise. 


Fig.  3.     Showing  the  Motion  of 
X     the  Planet  which  is  due  to  the 
Motion   of  the   Arm 
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The  clockwise  revolution  of  the  driving  gear  will  evidently  impart 
B  C  revolutions  to  the  planet  gear  in  an  anticlockwise  direction.  Hence 
the  total  resultant  rotation  of  the  planet  gear  for  B/(B  +  D)  revolution 
of  the  arm  is: 

B~+~W  VC~+  l)  ~"C 

24         /24          \_  24 
24  +  84  V30  +     /       30 
—  2/5  revolution. 

This  is  the  total  resultant  rotation  of  the  planet  gear  relative  to  one 
revolution  of  the  sun  gear. 

ROTATION  OF  THE  PLANET  GEAR  ABOUT  ITS  OWN  CENTRE:  Generally, 
for  practical  purposes,  only  the  number  of  revolutions  made  by  the 
planet  gear  about  its  own  centre  are  required.  This  means  that  the 
first  movement,  the  rotation  of  the  planet  gear  due  to  its  connection 
with  the  arm,  need  not  be  considered.  Hence  the  actual  rotation  of 
the  planet  gear  about  its  own  centre  is  equal  to 

B  B       B 

B  +  D       C        C 
24  24        24 


24  +  84        30        30 

28 

—   revolution,  as  already  obtained  by  the  lever  method. 
4c> 

MOVEMENTS  RELATIVE  TO  INTERNAL  GEAR:  It  will  be  found 
instructive  to  assume  that  the  sun  gear  is  removed  as  shown  in  Fig.  4, 
and  to  investigate  the  movements  of  the  arm  and  planet  gear  relative 

Stationary  Internal  Gear-D 
Planet    Gear-C 


Fig.  4.     Example  1  with 
the    Sun    Gear    removed 


to  the  stationary  internal  gear.  If  the  arm  be  given  one  revolution 
clockwise,  the  planet  gear  is  again  subject  to  two  distinct  movements, 
viz.,  one  by  reason  of  its  connection  to  the  arm,  and  the  other  by  reason 
of  its  contact  with  the  internal  gear  D.  The  first  movement  will  again 
be  exactly  as  shown  in  Fig.  3,  i.e.,  the  planet  gear  makes  one  revolution 
in  a  clockwise  direction.  Also,  the  second  movement  has  already  been 
dealt  with,  and  it  has  been  established  that  for  one  revolution  of  the 


Ill 
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ami  clockwise  the  planet  gear  makes  DjC  revolutions  in  an  anticlockwise 
direction.     Therefore,    the    resultant    number    of    revolutions    of    the 
planet  gear  from  both  motions  is  equal  to 
D 


_  84        _  9_ 

30  ~        5 


Hence  for  Bl(B  +  D)  revolution  of  the  arm  clockwise,  the  planet 
gear  makes 

B  9  24        . .  9. 


= of    a     revolution 


That  is,   — — revolution,   as   was   found   when   the   sun   gear   was 

D 

used  to  obtain  a  solution. 

It  must  be  obvious  from  the  identical  result  just  obtained,  that 
the  rotation  of  the  planet  gear  about  its  own  centre  must  again  be 

equivalent   to   the   total   resultant   number   of  revolutions    minus   the 
rotation  of  the  planet  gear  due  to  its  connection  to  the  arm,  or 

2_  _  B  _  _2 24  28 

5  B  +  D~~5~24 

as  before. 

Although  the  total  resultant  movement  has  been  investigated, 
only  the  actual  rotation  of  the  planet  gear  about  its  own  centre  is 
required  when  the  frictional  resistance  about  its  bearings  is  to  be 
calculated. 

Example  2. 

For  this  example,  gears  having  the  same  numbers  of  teeth  as  those 
in  the  previous  example  are  used,  but  the  sun  gear  is  made  the  stationary 
member,  and  the  internal  gear,  the  driving  member,  as  shown  in  Fig.  5. 
As  before,  the  system  of  levers  depicted  below  in  that  illustration  may 

Driving  Gear 
D-84T. 


Driven  Member -A 


Stationary  Sun  Gear 
B-24T. 


Fig.  5.  Arrangement 
and  Equivalent  Lever 
System  for  Example  2 
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be  regarded  to  replace  the  various  members  of  the  unit,  and  to  enable 
the  directions  of  rotation  and  the  numbers  of  revolutions  of  these  to 
be  determined. 

Lever  D:  For  one  revolution  of  the  driving  gear  D  in  a  clockwise 
direction,  the  point  X  moves  2-rrrf,  also  in  a  clockwise  direction. 

Lever  C:  The  point  Y  moves  W,  also  in  the  same  direction,  because 
it  is  midway  between  the  fulcrum  0  and  the  point  X. 

Lever  A:  The  point  Y  again  moves  W,  also  in  a  clockwise  direction. 
For  one  revolution  of  A,  the  point  Y  moves  2-rr  (b  +  c).  Therefore, 
the  number  of  revolutions  of  the  arm  A  for  one  revolution  clockwise 
of  the  driving  gear  D  is  equal  to 

frd  d 


or,  substituting  d 


2tr  (b  +  c)        26  +  2c 
for  b  -\-  2c,  this  becomes 
d  D 


d  +  b        D  +  B. 

As  the  centre  of  the  planet  gear  has  moved  through  Dj(D  +  B) 
of  a  revolution,  the  number  of  revolutions  abouts  its  own  axis  must 
be  equal  to  D/(D  +  B)  X  B/C  in  a  clockwise  direction. 

CHECKING  THE  RESULTS  OBTAINED:  From  the  rack-and-pinion 
analogy,  the  centre  of  the  planet  gear  moves  a  distance  of  trb  for  one 
revolution  anticlockwise  of  the  stationary  gear.  Also,  for  one 
revolution  around  the  sun  gear,  the  centre  of  the  planet  gear  moves 
2-rr  (b  +  c).  Therefore,  the  number  of  revolutions  of  the  arm  for  one 
revolution  of  the  stationary  gear  B  anticlockwise  is  equal  to 

trb  b  B 

2ir(b  +  c)~    ~  2(6  +  c)  -         2(B  -  C); 
substituting  D  for  B  +  2C,  this  becomes  —  B/(B  +  D). 

If  now  the  planet  gear  be  considered  fixed  in  relation  to  the  arm 
and  the  sun  gear,  and  the  latter  be  given  a  revolution  in  the  clockwise 
direction,  then  the  arm  has  a  similar  rotation  of  -f-  1. 

r* 

Hence  the  algebraic  sum  of  the  two  movements  is   1 

or  the  revolutions  of  the  arm  for  one  revolution  of  the  stationary  gear 


TABLE  II.     SOLUTION  OF  EXAMPLE  2  BY  THE  ALGEBRAIC  SUM  METHOD 


Revolutions  of 

Planet     Gear     C 

D 

A 

B 

about  its  own 

Centre 

All  Members  +  1  Rev  

+  1 

+  1 

+  1 

D  Stationary 
B  -  1  Rev  

0 

B 
-  B  +  D 

-  1 

Algebraic  Sum 

+  1 

D 
B  +  D 

0 

D             B 
B~TU  X  C" 

7 

28 

Relative  Revolutions        

+  1 

9 

0 
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D  is  (B  +  D  —  B)  /  (B  +  D)  =  D/(B  +  D)  in  a  clockwise  direction 
as  already  proved  by  the  lever  method. 

Again,  for  one  complete  revolution  of  the  arm  in  a  clockwise 
direction,  the  planet  gear  would  make  B/C  revolutions,  but  actually 
the  arm  makes  only  D/(B  +  D)  revolutions  for  one  revolution  of  the 
driving  gear.  Hence,  the  planet  gear  makes  only  D/(B  +  D)  X  B/C 
revolutions  about  its  own  centre,  in  a  clockwise  direction,  as  already 
found  by  the  lever  method.  The  results  are  tabulated  in  Table  II. 

Example  3. 

Whilst  dealing  with  the  simpler  type  of  planetary  gearing,  it  is 
of  interest  to  investigate  the  effect  of  an  intermediate  gear  between 
the  sun  and  the  planet  gears.  In  Fig.  6  is  shown  an  arrangement  of 
this  type.  The  arm  A,  which  is  the  driver,  revolves  about  the  centre 


Stationary  Gegr-B-601     Intermediate    Gear-C-30T. 


Fig.  6.  Arrangement 
and  Equivalent  Lever 
System  for  Example  3 


of  the  fixed  gear  B  and  carries  the  intermediate  and  driven  planet  gears 
C  and  D.     We  shall  first  give  a  solution  of  this  by  the  lever  method. 

Lever  C:  For  one  revolution  of  the  arm  A  clockwise,  the  point 

X  moves  through  a  distance  2ir  (b  +  c).     For  one  revolution  of  the 

lever  C,  the  point  X  moves  a  distance  of  2irc.     Therefore,  the  rotation 

of  the  intermediate  gear  C,  for  one  revolution  of  the  arm  amounts  to 

2ir  (6  +  c)  _  b  +  c  _  B  +  C  =  B       , 

2irc  c  C  C  "* 

revolutions  clockwise. 

Lever  D:  This  lever  is  subjected  to  two  movements,  one  due  to 
its  connection  with  the  arm  A,  and  the  other  due  to  the  action  of  the 
lever  C  at  the  point  Y. 

In  the  analysis  of  Example  1,  it  was  shown  by  Fig.  3  how  the 
planet  gear,  due  to  its  connection  with  the  arm,  makes  one  revolution 
in  the  same  direction  as  the  arm.  Consequently,  from  Fig.  6,  it  will 
be  seen  that  the  planet  gear  makes  one  revolution  clockwise  while  the 
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arm  A  makes  one  revolution  in  the  same  direction.  Therefore  the 
point  Y  must  move  through  a  distance  equal  to  2ird. 

Considering  now  the  second  movement,  as  the  point  X  is  midway 
between  the  fulcrum  0  and  the  point  Y,  the  latter  must  move  twice 
the  distance  of  X,  so  that  it  is  possible  to  find  the  number  of  revolutions 
made  by  the  gear  D  from  these  considerations.  However  it  i.-  suggested 
that,  for  cases  where  levers  are  subjected  to  two  distinct  movements, 
the  speed  of  the  gear  or  lever  which  transmits  the  motion  should  be 
taken  as  equal  to  the  actual  revolutions  about  its  own  centre. 

Lever  C:  It  has  already  been  shown  that  the  total  resultant  number 
of  revolutions  of  the  intermediate  gear  C  is  equal  to  J5/C  +  L  As 
the  +  1  revolution  is  due  to  its  connection  with  the  arm,  it  follows 
that  its  rotation  relative  to  its  own  centre  is  equal  to  B  C  =  bjc  clockwise. 
During  one  revolution  of  C,  the  point  Y  moves  a  distance  of  2-irc,  hence 
for  be  revolutions,  the  point  Y  moves  through  b;c  X  2  ire  =  2ir6 
revolutions  clockwise. 

Lever  D:  Due  to  the  action  of  the  lever  C,  the  point  Y  on  lever 
D  moves  a  distance  of  2ir&,  but  in  an  anticlockwise  direction.  Then, 
by  combining  these  two  movements,  the  resultant  movement  of  the 
point  Y  will  be  equal  to  2-nd  —  2trb. 

During  one  revolution  of  the  gear,  or  lever,  D,  the  point  Y  moves 
2ird.  Therefore,  for  one  revolution  of  the  arm  clockwise,  the  planet 
gear  D  revolves  (2ird  —  2-nb)  2-rrd  revolutions,  an  amount  which  is 

equal  to    '  or  1  —  _  revolutions  anticlockwise. 

Using  the  numbers  of  teeth  specified,  the  intermediate  gear  C 
makes  ^+1=3  revolutions  clockwise;  and  the  planet  gear  D, 

1-  =1  —  2  =    —  1,  or  one  anticlockwise. 

It  is  interesting  to  note  that,  if  all  the  gears  were  equal,  the  results 
would  be: 

30 

revolutions  of  the  planet  gear   D  =  1  —    —  =  0; 

30 

30 
revolutions  of  the  intermediate  gear  C  =   —  -f-  1  =  2. 

As  the  planet  gear  in  such  a  set  of  equal  gears  has  no  motion  of  rotation 
relative  to  the  vertical  centre  line  through  the  stationary  gear,  it  will 
be  appreciated  that  by  having  small  differences  between  the  numbers 
of  teeth  in  .B  and  D,  fairly  large  reductions  may  be  obtained. 

The  action  of  the  intermediate  gear  is  to  change  the  direction  of 
rotation  of  the  planet  gear,  thereby  affecting  the  ultimate  ratio  of 
the  train.  As  before  the  results  may  be  checked  by  tabulation  as  given 
in  Table  III.  These  results  are,  of  course,  the  total  resultant  revolutions 
of  the  planet  and  intermediate  gears  relative  to  one  revolution  of  the 
arm  in  the  clockwise  direction. 

As  the  +  1  revolution  is  due,  in  each  case,  to  the  connection  of 
the  intermediate  or  planet  gear  with  the  arm,  it  cannot  be  considered 
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TABLE  III.     SOLUTION  OF  EXAMPLE  3  BY  THE  ALGEBRAIC  SUM  METHOD 


A 

B 

c 

D 

All  +  1  Rev 

4-  i 

-f  1 

+  i 

-f  1 

A  Fixed 

B 

B 

B  -  1  Rev  

0 

-  1 

+  C 

"  D 

B  +  1 

g 

Algebraic  Sum 

+  1 

0 

~~  D~ 

Relative  Revolutions          ,..../' 

+  1 

0 

+  3 

=  -  1 

as  an  actual  revolution  about  the  axis  of  either  gear.  Therefore,  the 
actual  revolutions  of  each  about  its  own  centre  must  be:  intermediate 
gear  C,  BjC  =  60/30  =  2;  planet  gear  D,  -  B/D  =  -  60/30  = 
—  2  revolutions. 

Example  4. 

Considering  now  the  more  difficult  type  of  planetary  gear  unit  as 
shown  in  Fig.  7,  this  may  be  analysed  with  reference  to  the  equivalent 
lever  system  as  follows: 

Lever  B:  For  one  revolution  of  the  driving  gear  B,  the  point  X 
will  move  2rrb  in  a  clockwise  direction. 

Lever  CD:  The  point  X  on  this  lever,  due  to  the  action  of  lever  B, 
moves  a  distance  of  2-trb  in  an  anticlockwise  direction.  With  regard 
to  the  point  Y,  let  y  be  its  movement,  then  by  simple  proportion, 
2trb  :  c  -f  d  :  :  y  :  d,  i.e.  y  =  (2rrbd)/(c  +  d)  in  an  anticlockwise  direction 
for  one  revolution  of  the  driving  gear  clockwise. 

2nd.  Planet  Gear 
D-30T. 


1st.  Planet  Gear 


C-48T. 


Stationary  Internal    L& 
Gear-E-IOZT. 


Fig.  7.     The  Diagrammatic 

Arrangement  of  Gears  and 

the    Representative    Levers 

of  Example  4 


DOUBLE    PLAIVET FIXED   ANNULUS    UNIT  15 

Lever  A :  For  one  revolution  of  the  arm  clockwise,  the  point  Y 
moves  a  distance  of  2ir(6  +  c).  Hence  for  one  revolution  of  the  driving 
gear  5,  the  arm  makes  (2irbd)  [(c  +  d)  2ir  (b  -f  c)]  revolutions,  which 

bd  bd  bd 

is     equal    to    - 

be  +  bd  +  c2  +  cd          c  (b  +  c  +  d)  +  bd          ce  -j-  bd: 

whence  substituting  e  for  b  +  c  +  </,  gives  a  result  of  BD/(CE  +  BD) 
in  a  clockwise  direction. 

ROTATION  OF  THE  TWO  PLANETS  ABOUT  THEIR  OWN  CENTRES:  The 
number  of  revolutions  of  both  planet  gears  is  controlled  by  the  movement 
of  the  arm  and  the  ratio  between  the  planet  gear  D  and  the  stationary 


Moving  Reck 


Fig.  8.     Illustrating    the    X 
Movement  of  a  Compound 
Pinion  when  meshed  with 
Two  Racks 


internal  gear  E.  For  one  revolution  of  the  arm,  the  planet  gear  will 
make  ED  revolutions  in  an  anticlockwise  direction;  but  if  the  arm 
makes  only  BDi(CE  +  BD)  revolution,  the  planet  gears  will  make 
-  BD  (CE  +  BD)  X  ED  revolutions. 

Using  the  numbers  of  teeth  specified,  one  revolution  clockwise 
of  the  driving  gear  produces  the  following: 

f  24  x  30  5 

Rotatxon   of  arm    =    (48  x  1Q2)  +  (24  x  3Q)    =    39    revolutions 

clockwise. 

Rotation    of    planet    gears    C    and    D  = 

X    on    == —    revolutions  anticlockwise. 

The  foregoing  can  be  checked,  as  before,  by  analysing  the  two 
distinct  movements  and  obtaining  the  algebraic  sum  from  the  tabulated 
results.  The  motion  of  the  arm  cannot  be  readily  seen,  because  it 
receives  a  compound  action  caused  by  one  planet  gear  meshing  with 
the  internal  gear,  and  the  other  with  the  sun  gear.  However,  if  the 
sun  and  internal  gears  B  and  E  are  assumed  to  be  fixed  and  moving 
racks  respectively,  as  shown  in  Fig.  8,  and  meshing  with  a  compound 
pinion  CD,  the  relative  motions  may  be  more  easily  assessed. 

At  any  particular  instant,  the  rack  and  pinion  may  be  considered 
as  a  lever  having  its  fulcrum  on  the  pitch  line  of  the  fixed  rack  B  as 
indicated  at  the  left  of  Fig.  8,  i.e.  on  the  instantaneous  centre  0.  If  the 


(48  x  102)  +  (24  x  30) 


PLANETARY    GEARING 


movements  of  X  and   Y  are  represented  by  x  and  y,  then  x  :  c  +  d 
::y:c.     That  is  the  movement  of  the  point   Y,  the  centre  of  the  rack 

....  xc 

pinion  is  given  by  y  =  

c  +  d. 

Referring  again  to  Fig.  7,  the  analysis  can  be  effected  as  follows: 
For  one  revolution  anticlockwise,  the  point  Z  on  the  pitch  circle  of  the 
internal  gear  E  travels  a  distance  of  2tr  (b  +  c  +  d),  hence  by  proportion 
as  in  the  rack-and-pinion  example,  the  centre  of  the  planet  gears  C 

-  2tr  (b  +  c  +  d)  X  c. 
and  D  travels  a  distance  of  - — — 

c  +  d 

For  one  revolution  of  the  arm,  the  point  Y  moves  2tr  (b  +  c); 
therefore,  for  one  revolution  anticlockwise  of  the  internal  gear  E,  the. 
arm  makes 

_  2ir  (b  +  c  +  d)  X  c  _  ec  ce 

(c  +  d)  2ir  (b  +  c)    ~    ~  be  +  bd  +  c2  +  cd  ~        ce  +  bd 

CE 
revolution,  i.e.  —  

Therefore  the  resultant  motion  of  the  arm  for  one  revolution  of 
gear  B  is  the  algebraic  sum 

CE        _  CE+BD-  CE  __        BD        dockwige 
~  CET~5D  CE  +  BD  CE+BD 

The  rotation  of  both  planet  gears  is  due  to  the  movement  of  the 
arm,  and  to  the  ratio  between  the  planet  gear  D  and  the  stationary 

internal  gear  E.     It  is  therefore  —  — — ^=   X  —  anticlockwise. 


The  complete  tabulated  results  are  shown  in  Table  IV. 
TABLE  IV.     SOLUTION  OF  EXAMPLE  4  BY  THE  ALGEBRAIC  SUM  METHOD 


E 

B 

A 

Revolutions    of   Planet 
Gears   C   and   D   about 
their  own  Centre 

All  +  1  Rev  

+  1 

+  1 

+  1 

B  Fixed 

CE 

E  -  1  Rev  

-  1 

0 

CE  +  BD 

Algebraic  Sum         

0 

+  1 

CE  +  BD 
BD 

+  CE  +  BD 

BD             E 

Relative  Revolutions 

0 

+  1 

,     5 

CE  +  BD       D 

+  39"                        17 

1        39 

Example  5. 

In  this  example  the  gears  used  in  the  previously  considered  unit 
are  retained,  but  the  sun  gear  is  made  the  stationary  member.  The 
internal  gear  E  is  the  driver,  and  the  arm  is  again  the  driven  member. 


DOUBLE    PLANET FIXED    SUN    UNIT 


17 


Referring  to  Fig.  9,  it  will  be  seen  from  the  equivalent  system  of 
levers  that  for  one  revolution  of  the  driving  gear  E  clocks  ise,  the  point 
X  moves  a  distance  of  2-rre. 

Lever  CD:  Since  the  point  X  moves  2ire,  then  if  the  point  Y  moves 
a  distance  y,  2-rre  :  (c  + 


::  y  :  c;  whence  y  =  —         —  clockwise. 


— 
c  +  d 


Fig.  9.  Diagrammatic  Gear 
and  Equivalent  Lever 
Arrangements  for  Example  5 


Bnti.  Planet  Gear 
C-48T. 


Lever  A:  For  one  complete  revolution  of  this  lever,  the  point   Y 

moves    2ir  (b  +  c);   but    actually   the   point   moves    only          *-    clock- 

c  +  d 

\\i-r.   hence  for  one  revolution  of  the  internal   gear  E  clockwise,  the 

arm  A  makes    — -    — — revolutions,  a  value  which  reduces  as 

(c  +  d)  2ir  (b  +  c) 

CE 

shown  on  page   lo  to 

CE  -j-  BD. 

By  substituting  the  specified  numbers  of  teeth,  the  movement  of 
the  arm  for  one  revolution  of  the  internal  gear  E  is 

48  X  102  34 

—  =  —    revolution    clockwise.     Hence    the 

(48  x  102)  +  (24  x  30)       39 

corresponding  movement  of  the  planet  gears  about  their  own  centre  is 

f^f?  ~D  O^f  "I  1  7 

CE+BD  X  r  "  "  Cl°ckwise  direCti°n'  °F  WX^  =  39  °f  * 
revolution. 

Checking  by  means  of  tabulation  and  algebraic  sum  can  be  proceeded 
with  as  follows:  For  one  revolution  of  the  sun  gear  B  in,  an  anticlockwise 
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direction,  any  point  on  the  pitch  circle  will  travel  a  distance  of  2irb, 
so  that  by  proportion,  the  centre  of  the  planet  gears  C  and  D  will  move 
a  distance  of  (2ir6</)/(c  +  d)  anticlockwise. 

During  one  revolution  of  the  arm  A  anticlockwise,  the  centre  of 
the  planet  gears  would  travel  2ir  (b  -f  c);  therefore,  for  one  revolution 
of  B  anticlockwise,  the  rotation  of  the  arm  A 
2-nbd  bd 


(c  +  d)  2-n  (b  +  c) 

bd 
bd  +  c2  +  cd 


bc 


(b  +  c)  (c  +  d) 
bd 

c  (b  +  c  +  d)  +  bd 


bd 


BD 


c^Tbd  ~  ~  CE  +  BD. 

The  algebraic  sum  is  equal  to  1  minus  BD/(CE  -f  BD),  i.e. 
CEj(CE  +  BD)  revolution.  Also,  the  rotation  of  the  planet  gears  is, 
by  previous  reasoning,  equal  to  CE/(CE  +  BD)  X  BjC.  The  complete 
results  are  shown  in  Table  V. 


TABLE  V.     SOLUTION  OF  EXAMPLE  5  BY  THE  ALGEBRAIC  SUM  METHOD 


E 

B 

A 

Revolutions  of  Planet 
Gears  C  and  D  about 
their  own  Centre 

All  +  1  Rev  

+  1 

+     1 

+  1 

E  Fixed 

BD 

B  -  1  Rev  

0 

-     1 

CE  +  BD 

Algebraic  Sum 

+  1 

0 

~~  ClT+~BD 
CE 

CE  +  BD 

CE             B 

Relative  Revolutions 

+  1 

0 

34 

CE~+^D  X  C~ 

39                     =  +J_7 

Example  6. 

We  now  consider  a  very  popular  and  efficient  type  of  compound 
gearing  unit  as  shown  in  Fig.  10.  This  consists  of  two  sun  gears,  one 
of  which  is  the  fixed  member,  and  the  other  the  driven  member.  The 
two  planet  gears  C  and  D  are  carried  by  the  driving  member,  the  arm  A. 

To  effect  a  solution,  a  system  of  levers  is  again  formulated  as 
indicated. 

Lever  A:  For  one  clockwise  revolution  of  this  lever,  the  point  X 
travels  a  distance  of  2-ira. 

Lever  CD:  Relating  the  movement  of  point  Y  to  that  of  point  X 
by  proportional  leverage  gives  2ira  :  c  ::  y  :  (c  —  d);  so  that  the 

movement  of  Y  is  v  =  2mt  X  (c'~d)  clockwise. 
c 


DOUBLE    SUN DOUBLE    PLANET    UNIT 

1st.  Planet  Gear 
C-30I 


19 


Fig.    10.        Arrangement 

and  Representative  Levers 

for  Example  6 


2nd.  Planet  Gear 
0-287: 


Driven  Gear 


Lever  E:  For  one  complete  revolution  of  this  lever,  the  point  Y" 
moves  '2-rrc:  therefore  for  one  revolution  of  A  clockwise,  E  rotates 
2ira  c)  (c  — 


c  X  2ire 


or    a    c  —         revolutions.     Substituting    a  =  6  +  c,    the 
ce 

c  (6  +  c  —  d)  —  bd;       ,   fi     ,, 
last  expression  becomes  —  —  and  nnally,  putting  e  = 

b  +  c  —  d  it  becomes  1—  —  —   1   —  —  —  clockwise. 
ce  CE 

By  substituting  the  numbers  of  teeth,  the  revolutions  of  the  driven 
ear  E  for  one  revolution  of  the   arm  clockwise  will  be  found  to  be 


1   _  26  x  28 


=        cloche. 


30  x  28 

ROTATION  OF  PLANET  GEARS  ABOUT  OWN  CENTRE:  The  rotation 
of  both  planet  gears  C  and  D  is  due  to  the  combined  action  of  the  fixed 
gear  B.  the  first  planet  gear  C,  and  the  arm  A,  consequently  it  is 


TABLE  VI.     SOLUTION  OF  EXAMPLE  6  BY  THE  ALGEBRAIC  SUM  METHOD 


Revolutions      of 

Planet    Gears    C 

A 

B 

E 

and  D  about 

! 

their  o>vn  Centre 

A11+  1  Rev  

+  1 

+  1 

+  1 

A  Fixed 

BD 

B  -  1   Rev  

0 

-  1 

CE 

Algebraic  Sum 

+  1 

0 

i-lE 

CE 

B 

Relative  Revolutions              +1 

0 

,     2 

C 

+  T5 

+  !3 

1    15 
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necessary  to  deal  with  only  these  three  members.  The  procedure  has 
already  been  indicated  in  connection  with  Example  1,  in  which  exactly 
the  same  problem  occurred.  Hence  the  rotation  of  the  planet  gears 
C  and  D  about  their  own  centre  for  one  revolution  of  the  driving  member 
A  in  a  clockwise  direction  is  equal  to  JB/C  clockwise,  or  for  the  numbers 

13 

of  teeth  adopted,  26/30;  i.e.  —    of  a  revolution. 
ID 

This  compound  gearing  can  be  quite  readily  solved  by  tabulating 
the  two  distinction  motions,  as  for  previous  examples,  taking  the 
algebraic  sums  to  obtain  the  relative  movement  of  each  member.  Such 
tabulated  results  are  given  in  Table  VI. 

Example  7. 

If,  with  reference  to  the  preceding  example,  the  stationary  gear 
B  is  larger  than  the  driven  gear  £,  then  the  equivalent  system  of  levers 
has  to  be  modified  as  shown  in  Fig.  11.  Here,  although  the  fulcrum 


Stationary  Gear 
B-30T 
Driven  Gear    \ 

/m? 

2nd.  Plani 
D-E8 

,''"      **'  — 
/    f,'' 

>t  Gear 
f.    - 

1st.  Planet  Gear 

—  -;  C-ZBT. 

^i 

nents 
epre- 
for 

~H  —  (fe  — 

(( 

^               !     1 

'•         \S 

)          '   ' 

Driving 
Member 

5? 

a 

^-b_U 

r 

K  I 

i  Sg; 
h*° 

fS    / 

Fig.    11.     Arrange! 
.     of     Gears     and     R 

r 

-^    i    : 

V^A     sentative       Levers 
Example  7 

—  1  —  ^n 

!     C.D\ 

of  the  lever  CD  remains  on  the  pitch  circle  of  the  stationary  gear,  the 
lever  CD  has  a  lever  on  each  side  of  it. 

Lever  A  :  When  this  lever  rotates  one  revolution  clockwise,  the  point 
X  moves  a  distance  of  2ira. 

Lever  CD:  If  the  movement  of  the  point  Y,  at  the  opposite  end 
of  this  lever  is  denoted  by  y,  then  by  proportional  leverage,  y  :  (d  —  c) 
::  2ira  :  c,  i.e. 

y  =  V  ~  °)  * 


clockwise. 


Lever  E:  This  lever  is  moved  a  distance  of 


~  c)  X 


at  the 


point  Y  by  the  lever  CD,  but  in  an  anticlockwise  direction.     Also,  for 
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one  complete  revolution  of  E,  the  point   Y  moves  a  distance  of  2ire. 
Hence  for  one  revolution  of  the  arm  clockwise,  the  member  E  rotates 
—  a  (d  —  c)  ce.     Putting  a  =  d  +  e,  this  result  becomes 
_  (d  —  c)  (d  +  e)  =   _  dz  —  cd  +  de  —  ce 

ce  ce 

_d  (d-c  +  e)  -ce. 

ce 
Further,  putting    b   for  (d  —  c  -f  e),  the  last  expression  becomes 

(db        ,\  __ ',        db  _  ,   _  BD 
~  W         )  -         "c~e~  CE 

as  for  the  previous  example,  but  with  the  direction  anticlockwise. 

ROTATION  OF  PLANET  GEARS  ABOUT  THEIR  OWN  CENTRES:  The 
conditions  governing  the  rotation  of  the  planets  about  their  own  centres 
are  the  same  as  for  the  preceding  example.  Consequently  for  one 
revolution  clockwise  of  the  arm,  the  planets  make  BjC  revolutions, 
also  clockwise.  Substituting  the  numerical  values,  then  for  one 

30  X  28 
revolution  of  the  arm  clockwise,  the  driven  gear  makes  1  —  — — 

=  —  —    revolutions    (anticlockwise).     The   results    obtained    by  con- 
lo 

sidering  the  two  distinct  motions  and  taking  the  algebraic  sums  are 
shown  in  Table  VII. 


TABLE  VII.  SOLUTION  OF  EXAMPLE  7  BY  THE  ALGEBRAIC  SUM  METHOD 


Revolutions  of 

Planet    Gears    C 

A 

B 

E 

and  D  about  their 

own  Centre 

All  +  1  Rev. 

,    , 

,     , 

-f  1 

A  Fixed 

B       D 

B  -  1  Rev  

0 

-  1 

C   XE 

Algebraic  Sum             

+  1 

0 

BD 

GE 

Relative  Revolutions              

+  1 

0 

2 

! 

13 

2 

13 

Example  8. 

Considering  the  compound  unit  indicated  in  Fig.  12,  it  is  evident 
that  it  consists  of  two  simple  sets  of  planetary  gearing  in  which  the 
driven  member  of  the  first  is  the  driving  member  of  the  second.  To 
facilitate  analysis,  the  two  sets  are  considered  separated  as  shown  at 
(a)  and  (b)  in  Fig.  13.  Taking  first  set  (a),  this  may  be  analysed  as 
follows: 

Lever  B:  For  one  revolution  clockwise  of  the  driving  gear  the 
point  X  moves  through  a  distance  of  2trb. 
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Stationary  Internal 
Gear-D-90I 


1st.  Pldnet 


2nd.  Planet 
Gei>r-E-28T. 


Arm  A 


Fig.  12.    Compound  Planetary 

Gearing   Unit   considered   in 

Example  8 


Driving  Sun 
Genr-B-30T. 

Lever  C:  The  lever  B  moves  this  lever  through  a  distance  2tr&  in 
an  anticlockwise  direction  at  the  point  X,  and  as  the  point  Y  is  midway 
between  X  and  the  fulcrum  0,  it  must  move  a  distance  of  trb  anti- 
clockwise. 

Lever  A:  This  lever  is  given  a  clockwise  movement  of  trb  at  the 
point  Y  by  the  lever  C.  For  one  revolution  of  A,  the  point  Y  moves 
a  distance  of  2-ira,  hence  for  one  revolution  of  the  driving  gear  clockwise, 
the  arm  A  rotates  through  irfe/2ira  =  b/(2b  +  2c)  =  bj(b  +  d)  revolu- 
tions clockwise. 


Driven  Internal 


Stationery  Intern*! 
Gesr-D-901  tsL  Planet 

V^ ^       Gear-C-30T. 


2nd.  Pldnet 
Gedr-E-28T. 


Arm  A 


/  ?'•'•:•*' 

(a)  (b) 

Fig.  13.     Gear  and  Equivalent  Lever  Arrangements  for  Example  8 
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Considering  now  the  second  set  (b),  Fig.  13,  the  driving  member 
A,  which  was  the  driven  member  for  the  first  set,  makes  only  bj(b  +  d) 
revolutions  clockwise,  causing,  in  effect,  the  point  Y  to  move  a  distance 
of  irb. 

Lever  CE:  With  respect  to  this  lever,  the  point  Y  is  moved  a  distance 
of  irb  by  the  action  of  the  lever  A,  but  in  an  anti-clockwise  direction. 
If  z  be  the  corresponding  movement  of  the  point  Z,  then  irb  :  c  ::  z  : 

\     •  irb  X  (c  —  e)         .  ,     , 

(c  —  e),  i.e.,  z  —  -    anticlockwise. 

Lever  F:  The  movement  at  the  point  Z  is  the  same  as  for  lever 
C.E,  but  clockwise;  and  for  one  revolution  of  the  lever  F  the  point 
moves  a  distance  of  2trf  clockwise.  Hence,  for  one  revolution  of  the 
driving  gear  jB,  the  member  F  revolves  through 


—  ^  revolutions  clockwise. 


ROTATION  OF  PLANET  GEARS  ABOUT  THEIR  OWN  CENTRES:  The 
conditions  of  the  set  shown  in  Fig.  13  at  (a)  are  identical  with  those 
of  Example  1,  hence  the  rotation  of  the  planet  gears  C  and  E  for  one 
revolution  clockwise  of  the  driving  gear  B  is  equal  to 

-  B  (C—_JH  x  —  (anticlockwise). 

2CF  C 

Substituting  the  numbers  of  teeth  specified  yields,  for  one  resolution 
clockwise  of  the  driving  member  B,  the  following  results: 

on    /on  9R\  1 

Internal  gear   F,  -  -  ---  -  =  —  revolution  clockwise. 

2  x  30  x  88       88 


Planet  gears,  — 


90  3 

X —   = revolutions  anticlockwise. 

30  88 


(a) 


(b) 


Fig.    14.     Gears    and    Levers    arranged    diagrammatically    to 
agree   with   the   Algebraic-sum   Method    of  Checking 
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TABULAR  CHECK:  Using  the  algebraic-sum  method,  the  movements 
of  the  arm  and  planet  gears  are  determined  in  exactly  the  same  manner 
as  for  Example  1.  Therefore  from  the  first  set  of  gears  shown  in 
Fig.  14  at  (a),  for  one  revolution  of  the  internal  gear  D  anticlockwise, 
the  arm  makes  —  Dj(B  +  D)  revolutions  anticlockwise,  and  the 
algebraic  sum  is  1  minus  DI(B  +  D)  or  Bj(B  +  D)  clockwise. 

The  rotation  of  the  planet   gears,  from  previous   reasoning,   will 

be   equal   to — X — revolutions  anticlockwise. 

B  -f-  D       C 

As"  the  arm,  or  driven  member  A,  in  the  first  set  of  gears  becomes 
the  driver  of  the  second  set,  its  speed  with  relation  to  this  set  is  the 

same,  viz.  —  — revolutions  anticlockwise. 

B  +  D 

For  one  complete  revolution  of  the  arm  anticlockwise,  the  centre 
of  the  planet  gear  E  travels  a  distance  of  2ira;  but  as  the  arm  makes 
only  —  Dj(B  +  D)  revolutions,  the  actual  distance  travelled  by  the 

Movement"  g^jxZTTa 

Fig.      15.       Illustrating      the 

Movements  of  the  Equivalent 

Compound  Pinion  and  Racks 

for  Example  8 


centre    of   the    planet    gears    is    —  2iroD/(B  -f  D).     Then    from    the 
compound   rack-and-pinion   analogy   as   shown   in   Fig.    15,   the   point 
X  must   also   move   a   distance   of   —  2traDj(B  +  D).     Hence   if  the 
distances  of  the  points  X  and  Z  are  denoted  by  x  and  z,  these  distances 
are   related   by   the   proportional   x    :   c    ::   z    :    (c  +  e).     That   is   the 
movement  of  the  point  Z,  which  is  equivalent  to  the  motion  of  any 
point  on  the  pitch  circle  of  the  internal  gear   F,  is  given  by 
x  x  (c  +  e)  _        2-rraD  (c  +  e) 
~~c~  c  (B  +  D) 

Applying  this  reasoning  to  the  present  problem,  the  point   Z  on 
the  internal  gear  F  shown  at  (b)  in  Fig.  14  must  travel  a  distance  of 

-    anticlockwise  for  one  revolution  of  the  internal 
(B  -f  D)  c 

gear  anticlockwise. 

During  one  complete  revolution  of  the  internal  gear  F,  the  point 
Z  moves  a  distance  of  2ir/.     Hence,  for  one  revolution  of  D,  the  driven 

internal  gear  revolves  —  ^_J£_±j)  revolutions.      Substituting  (b  +  c) 
for  a,  and  then  2  (6  +  c)  for  (6  +  d)  leads  to 

— 2^ — '  or'   ~     —         — '»  anti-clockwise  rotation. 
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TABLE  VIII.     SOLUTION  OF  EXAMPLE  8  BY  THE  ALGEBRAIC  SUM  METHOD 


D                  A 

F 

Revolutions     of     Planet 
Gears    C    and    E    about 
their  own  Centre 

All  +  1  Rev. 

+  1  !      +1 

+  1 

B  Fixed 
D  -  1  Rev  

_! 

D 
B  +  D 

D  (C  +  E) 

2CF 

Algebraic  Sum 

0 

B 

B  (C  -  E) 

2CF 

_  B  (C  -  E)  XJD 

B  +  D 

Relative 
Revolutions 

0 

+  1 

+    1                              _   3 
88                                 88 

T\ 

2CF  C 


The   resultant   motion    obtained    by   taking   the    algebraic   sum   is 
,  _  D  (C  +  E)  __  2CF  -  DC  -  DE 

2CF  2CF 

where,  substituting  (i)  B  +  C  +  E  for  F;  (ii)  D  for  B  +  2C;  and  (iii) 

—  B  for  2C  —  D,  in  successive  stages,  produces  the  relation  —  \   ~  —  ' 

2Cr 

clockwise  as  before. 

By  previous  reasoning,  the  rotation  of  the  planet  gears  C  and  E 

T)      If     _     Tf\ 

about  their  own  centres  is  equal  to  — 

The  tabulated  results  are  given  in  Table  VIII. 

In  order  to  get  a  required  reduction,  gears  of  non-standard  pitch 
have  sometimes  been  incorporated  in  compound  planetary  gears.  This 
method  is  undesirable,  and  should  be  avoided.  There  is  however  a 
method  of  overcoming  such  a  difficulty. 

In  Fig.  16  is  shown  a  compound  train  of  gears  similar  to  that 
treated  in  Example  6,  giving  a  desired  ratio  of  +  1/205.  The  two  pairs 
of  gears  cannot,  however,  be  made  with  teeth  of  the  same  pitch,  because, 
due  to  the  centres  0  and  P  being  common  to  both  pairs,  the  sum  of 
the  teeth  in  one  pair  must  equal  the  sum  of  the  teeth  in  the  other  pair. 
In  the  given  example,  the  sum  of  B  and  C  is  92,  while  the  sum  of  D 
and  E  is  90.  However,  these  conditions  can  be  avoided  if  intermediate 


Stationary  Gear 
B-51T. 


1st.  Planet  Gear 


Fig.     16.       An     Arrangement 
of  Compound  Planetary  Gearing 
which  requires  Teeth  of  Non- 
standard   Pitch 


Znd.  Planet  Gear 
D-40T. 
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Fixed  Sun 
6edr-B-51T. 


2/ro!  Intermediate 
Gedn-F-40T. 


Fig.   17.     Introducing    Intermediate 

Gears  into  the  Compound  Planetary 

shown  in  Fig.    16 


Arm  A 


1st.  Intermediate 
Gear-C-40I 


gears  are  introduced  between  B  and  C,  and  between  D  and  £,  as  shown 
in  Fig.  17.  Here  the  numbers  of  teeth  in  the  intermediate  gears  C 
and  F  do  not  affect  the  ultimate  ratio  of  the  unit,  and  these  gears  may 
be  made  of  any  convenient  size. 

The  example  shown  can  be  divided  into  two  simple  planetary  gear 
trains  as  indicated  at  (a)  and  (b)  in  Fig.  18.  A  train  similar  to  (a)  has 
already  been  dealt  with  in  Example  3,  where  it  has  been  found  that 
for  one  clockwise  revolution  of  the  arm,  the  planet  gear  revolves  about 
its  own  centre  B/D  revolutions  anticlockwise;  that  is  the  planet  gear 
revolves  51/41  anticlockwise  revolutions.  Inspection  of  Fig.  17  will 
show  that  the  planet  gear  E  also  makes  —  51/41  revolutions. 

From  the  equivalent  system  of  levers  shown  in  Fig.  18  at  (b),  it 
is  clear  that  all  the  members  in  the  train  are  moving,  so  that  the  analysis 
will  differ  slightly  from  the  preceding  examples. 

Lever  E:  The  point  X,  owing  to  the  fact  that  the  gear  E  makes 
51/41  anticlockwise  revolutions  about  its  own  centre,  must  move  a 
distance  equal  to  —  (51  X  2ire)/41. 

2nd  Intermediate 
Gedr-F-40T. 


(a) 


/Rev. 


Fig.  18.     Two  Simple  Planetary    Gear  Trains  from  the  Unit  shown  in  Fig.  17 


INTERMEDIATE    GEARS    IN    COMPOUND    UNITS  27 


Stationary 
Gear-B-5!T. 


Fig.  19.     Alternative   Arrangement 

of  Compound  Planetary  Gearing  with 

Intermediate  Gears 


1st.  Plenet 
Gear-C-4/I 
I     2nd.  Pldnet 
6edr-D-40T. 


/  \  1st.  Intermediate 

2nd.  Intermediate  \         Gear-E-401 

Gedr-F-4-OT. 

Driving  Member-A 

Lever  F:  A  movement  of  2ire  X  (51/41)  is  imparted  to  the  point 
X  on  the  lever  F,  by  the  lever  E,  the  resulting  movement  being  clockwise. 
As  the  fulcrum  0  is  midway  between  the  points  X  and  Y,  the  point 
Y  must  also  move  2ire  X  51/41  clockwise. 

Lever  G:  Due  to  the  action  of  lever  F,  the  point  Y  on  the  lever  G 
is  given  a  movement  equal  to  2ire  X  51/41,  but  this  is  anticlockwise. 
Lever  G  is  connected  to  the  arm  which  makes  one  revolution  clockwise, 
and  because  of  this,  the  point  Y  must  move  a  distance  of  2irg  clockwise. 
Therefore,  the  resultant  movement  of  the  point  Y  on  the  lever  G  is 
equal  to  2irg  —  2ire.  51/41.  Consequently,  for  one  revolution  of  the 

2«g  -  g  X  2™ 

arm  clockwise,  the  driven  gear  G  rotates  — revolutions' 

2irg 
which  by  substituting  the  numbers  of  teeth  adopted  leads  to  the  result 

205  revolution' 

ROTATION  OF  THE  SECOND  INTERMEDIATE  GEAR:  It  has  been 
established  that  the  point  X  on  the  lever  F  moves  a  distance  of 

—  X  2ire  in  a  clockwise  direction,  due  to  the  action  of  the  lever  E. 
41 

Also,  due  to  the  arm  A  making  one  revolution  clockwise,  the  point  X 
on  the  lever  F  moves  a  distance  of  2 irf  clockwise.     Hence  the  resulting 

movement  of  the  point  X  is  equal  to  —  -   X  2-rre  +  2ir/;  therefore,  the 
rotation  of  the  second  intermediate  gear  for  one  revolution  of  the  arm 

n*2«  +  W      51. 
A  is  equal  to  -      — ^-  =  ^  +  1. 

By  inserting  the  numbers  of  teeth  in  this  formula,  the  revolutions 

made  by  the   second  intermediate   gear  is   equal  to  -j-  1,  or 

10 

2  —  clockwise  revolutions. 
41 
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TABLE  IX.     SOLUTION  OF  COMPOUND  GEARING  UNIT  WITH 
INTERMEDIATE  GEARS  BY  THE  ALGEBRAIC  SUM  METHOD 


A 

B 

c 

D 

E 

F 

G 

Revolutions  of 
Planet  Gears  D 
and      E      about 
their  own  Centre 

AU+  1 

Rev. 

+  1 

+  1 

+  1 

+  1 

+  1 

+  1 

+  1 

A  Fixed 

B-  1 
Rev. 

0 

-  1 

51 

+TO 

51 

51 

Tl 

+T!XTO 

51       40 
~4TX  50 

Algebraic 
Sum 

+  1 

0 

N$ 

-I 

i-51 

41 

1  +  14T 

l'-m 

_  B 

Total 

Result- 

11 

10 

10 

10 

i 

ant 

+  1 

0 

2    40 

41 

41 

4l 

"20T 

51 

Revs. 

41 

This  example  may  easily  be  checked  by  tabulation,  as  shown  in 
Table  IX,  taking  the  algebraic  sums  as  follows: 

The  intermediate  gears  E  and  F  can  be  arranged  as  shown  in  Fig. 
19,  when  the  pitch  used  for  the  gears  enables  the  tops  of  the  teeth  in 
gears  D  and  G  to  clear  each  other. 

In  order  to  show  that  the  features  of  the  compound  planetary 
gearing  units  are  as  required  for  Fig.  16,  the  movements  for  each 
member  are  tabulated  in  Table  X.  The  revolutions  given  for  the  planet 
gears  C  and  D  and  intermediate  gears  E  and  F  are  the  total  resultant 
ones,  the  rotation  of  each  about  its  own  centre  being  equal  to  the 
tabulated  result  minus  one. 

TABLE    X.     SOLUTION   OF   THE   ALTERNATIVE    ARRANGEMENT   OF 
COMPOUND   PLANETARY   GEARING   BY   THE   ALGEBRAIC   SUM   METHOD 


1 

Revolutions   of 

Planet     Gears,     C 

A 

B 

c 

D 

E 

F 

G 

and  D  about  their 

own  Centre 

All  Gears 
+  1  Rev. 

+  1 

+  1 

+1 

+  1 

+  1 

+  1 

+  1 

A  Fixed 

0 

—1 

,  B 

B 

-BxD 

,  B     D 

B     D 

B-l  Rev. 

C 

C 

CXE 

C     F 

T;   G 

Algebraic 
Sum 

+  1 

0 

>+! 

1+§ 

1     BxD 
CXE 

1+CXF 

1-?x? 

Total 
Resultant 

+  1 

0 

1+4T 

'4! 

1     51v40 

41     40 

1+4lX4¥ 

51     40 
41X50 

Revolu- 
tions 

+  24l 

+2ii 

10 
41 

+4r 

1_2_°1 
205 

+c? 

1 

^51 

T   205 

41 

CHAPTER  II 
INVESTIGATING  THE  EFFICIENCY 

The  designer  may  be  so  preoccupied  with  the  relative  movements 
of  the  parts  of  a  proposed  planetary-gearing  unit,  and  with  the 
requirements  of  compactness,  that  he  may  be  inclined  completely  to 
overlook  the  efficiency  of  the  unit.  In  what  follows,  the  solution  of 
a  few  typical  examples  will  serve  to  emphasize  the  great  importance 
of  investigating  the  efficiency  of  all  planetary  gearing  before  completing 
the  design  and  proceeding  to  manufacture. 

In  this  connection,  it  will  be  appreciated  that  a  particular  unit 
can  be  designed  and  analysed  for  a  particular  reduction  ratio  and 
direction  of  rotation,  yet,  when  the  unit  is  made  it  may  be  found  to 
have  a  very  low  efficiency,  and  perhaps  be  a  complete  failure.  Neverthe- 
less, in  versatility  and  compactness,  planetary  gearing  is  one  of  the  most 
useful  arrangements  of  gearing  available,  and  would  be  far  more  often 
used,  if  the  causes  of  its  failures  were  more  widely  known. 

The  width  of  the  gear  faces  and  the  proportions  of  the  bearings 
for  the  component  parts  are  often  insufficient  to  withstand  the  tooth 
pressures  at  relative  velocities  which  are  frequently  much  higher  than 
encountered  in  a  conventional  train  of  spur  gearing. 

With  every  type  of  reduction  gear,  it  may  be  said  that  the  efficiency 
decreases  as  the  reduction  ratio  of  the  drive  increases;  whereas,  with 
ordinary  spur,  bevel,  and  spiral  gearing,  the  loss  is  generally  within 
1  to  4  per  cent,  being  nearer  1  per  cent  for  a  single  pair  of  gears.  This 
very  small  amount  of  loss  can  be  expected  from  only  those  arrangements 
of  planetary  gearing  that  are  akin  to  straight  trains  of  spur  gearing. 

As  planetary-gearing  units  can  be  developed  on  a  common  axis, 
and  large  reductions  can  be  effected  with  a  small  number  of  gears, 
it  would  appear  to  be  worthwhile  to  see  whether  a  planetary  design 
could  be  efficient  and  how  the  horse-power  input  is  affected  by  any 
inefficiency. 

Bevel  gears  can  often  be  used,  instead  of  spurs,  and  with  greater 
compactness.  Decimal  ratios  can  be  obtained  more  closely  with  bevel 
gears  than  with  spur  gears,  because  any  number  of  teeth  may  be  used; 
although,  by  introducing  intermediate  gears  between  the  sun  and 
planet  gears,  when  using  spur  gears,  it  is  possible,  as  already  shown, 
to  obtain  ratios  which  would  otherwise  require  non-standard  pitches. 

It  is  good  practice  to  have  two,  three  or  more  sets  of  planet  gears, 
thereby  giving  the  unit  better  balance  and  dividing  the  tooth  pressure 
between  them;  the  thrust  on  the  main  bearings  due  to  tooth  loading  is 
thereby  practically  eliminated.  However,  to  facilitate  calculation,  it 
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may  be  assumed  that  all  the  tooth  pressure  is  exerted  on  one  planet 
gear  and  its  bearings. 

There  appears  to  be  very  little  data  available  for  determining  the 
efficiency  of  planetary  gearing;  or,  for  that  matter,  for  ordinary  spur 
gears.  Engineers  are  generally  quite  satisfied  to  take  the  efficiency 
of  spur  gears  at  98  or  99  per  cent. 

In  the  case  of  spur  gears  with  accurately  machined  or  ground  teeth 
and  with  axes  in  parallel  alignment,  there  are  only  two  major  sources 
of  inefficiency,  viz.:  (a)  the  friction  between  the  mating  teeth;  and  (b) 
the  friction  at  the  bearing  surfaces. 

From  the  designer's  point  of  view,  it  is  sufficient  to  calculate  the 
power  absorbed  in  friction  between  the  mating  teeth  and  the  bearings, 
and  then  to  add  50  per  cent. 

By  considering  a  pair  of  equal  spur  gears  as  shown  in  Fig.  1,  the 
horse-power  absorbed  in  friction  may  be  determined,  and  thence  the 

Weight  (teach  Gear  and  Shaft  -560>. 
SOT.  5/7/> 


Fig.  1.  Diagram  to 
facilitate  the  Investigation 
into  the  Efficiency  of  a 
Pair  of  Equal  Spur  Gears 
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ZOHP-ZOOMM. 


Bearing  No.  4- 


Bearing  No.  3 


Bearing  No.1 


Bearing  No.  2 


Output  Shaft- 


Gear  Teeth  have  ZO' Pressure  Angle 


resulting  efficiency,  which  may  then  be  compared  with  the  generally 
accepted  figure  of  98  to  99  per  cent.  For  the  purpose  of  this  investi- 
gation, it  is  assumed  that  the  weights  of  the  gears  complete  with  shafts 
act  through  the  centres  of  the  gears. 

The  tangential  tooth  load  F  may  be  calculated  from  the  formula, 

F  =  H  x  63'025 

R  x  N"       (1) 

where,  R  =  the  pitch  radius  in  inches;  H  =  the  horsepower  trans- 
mitted: and  N  =  speed  in  revolutions  per  minute. 
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The  loading  on  bearing  No.  1  is  the  resultant  of  the  loadings  due 
to  (F  -f  W)  and  S,  and  these  are: 

Due  t,,  (F  +  W)  =  (I±rL**  =  F,    ........................    (2) 

Due  to  S  =  ^i  -  =  S,)    .............................................    (3) 

Hence  the  resulting  load  on  bearing  No.   1  is  given  by 

Qi  =  V(F*  +  S2)    ............  .  ............................................  (4) 

Similarly,  with  regard  to  bearing  No.  2,  the  component  loadings  are: 


c       S  x  B        c 
Due  to  S  =    —  -  —  =  Sa. 

The  resultant  in  this  case  is 

<?2  =  V  (F22  +  ty- 

In  all  these  relations  the  quantity  S  has  the  value   F  tail  a. 

Applying  these  relations  to  the  example  given  in  Fig.  1,  by  equation 
(1),  F  =  (20  X  63,025)/(5  X  200)  =  1260  lb.,  and  S  =  1260  tan  20 
deg.  ==  1260  X  0-36397  =  458-6  lb.  For  each  wheel  and  shaft,  W  = 
56  lb.,  so  that,  assuming  A  =  B  =  $C,  Fx  =F2  =  £  (1260  +  56)  = 
658  lb.  Hence  Sl  =  S2  =  |  X  458-6  =  229-3  lb.,  and  by  (4)  Q1  = 
Q2  =  v'  (6582  +  2292)  =  696-8  lb.;  therefore,  R  ==  696-8  +  696-8  = 
1393  -6  lb. 

The  resultant  load  carried  by  the  two  bearings  =  R  =  Qt  -f  Qz. 

Power  absorbed  by  friction  at  the  bearings  may  be  calculated  from 

P=  o-ooi  r(v^T3Q  +  _MOO_>V 

LV         30  (v  +  10)2/ 

X  Vp  +  10  X  V  r  +  10J,    .....................    (5) 

Where,  p  —  frictional  resistance  in  lb.  per  sq.  inch;  v  =  surface 
speed  in  ft.  per  minute;  p  =  pressure  per  sq.  inch  of  projected  area; 
r  =  Redwood  viscosity,  which  for  design  purposes  may  be  taken  as 
200  sees. 

From  our  example,  v  —  0-262  X  2  X  200  =  104-8  ft.  per  minute, 
and  p  =  I  -  X  1393-6  =  174-2  lb.;  hence  substituting  these  values  in 
formula  (5)  yields  p  =  0-447  lb.  per  sq.  inch,  so  that  the  total  frictional 
resistance  for  one  shaft  is  0-447  X  8  =  3-576  lb.,  or  2  X  3-576  = 
7-152  lb.  for  the  two  shafts.  Consequently,  the  total  horse-power  lost 
in  bearing  friction  is  7-152  X  104-8  -i;  33,000  ==  0-023. 

The  amount  of  horse-power  lost  in  friction  between  the  gear  teeth 

may  be  calculated  from  \iQL  -f-  33,000,  or,  (0-01  L  F  sec  a)   4-   33,000 

............................................................  !  .....     (6) 

where:    L  —  the   total  length   of  contact   of  the   teeth;    and    p,  =  the 
coefficient  of  friction. 

For  practical  purposes,   L  may  be  taken  as  equal  to 
2 


- 
12          (diametral  pitch) 
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the  second  factor  being  the  approximate  rolling  and  sliding  contact 
for  one  pair  of  engaging  teeth.  Here,  also,  n  =  the  number  of  teeth 
in  the  driving  gear,  and  N  =  the  speed  in  r.p.m. 

In  the  case  of  stub  teeth,  the  second  factor  may  be  taken  as  2 

divided  by  the  numerator  of  the  pitch,  so  that  for  a  =  pitch,  the  factor 

2. 

becomes  =•' 
o 

The  coefficient  of  friction  \i  is  always  a  difficult  quantity  to  assess, 
but  with  properly  lubricated  gears  and  having  regard  that  the  action 


I60T- 


Bearing  No.  4 


Bedring  No.  2 


Gear  Teeth  have  20  Pressure  Angle 

Fig.    2.     Loads    and    Forces    to    be    taken    into    Consideration    in 
Determining  the  Efficiency  of  a  Pair  of  Spur  Gears  of  1  :  8  Ratio 


is  both  rolling  and  sliding,  a  reasonable  value  to  use  in  calculations  for 
determining  the  relative  efficiency  of  a  design  is  0-01. 


Continuing  the  example,  L  ==• 


2  x  200  x  50 


1000 


ft.  per  minute; 


5  X  12  3 

and  the  power  absorbed  in  friction  between  the  teeth  is 
0-01  X  1260  X  1-0642  x  1000       0  n,  , 

33000  x  3 

Therefore,  the  total  power  absorbed  in  friction  is  0-023  +  0-135  = 
0-158  h.p.  Adding  50  per  cent  to  allow  for  inaccuracies,  etc.,  gives  the 
total  h.p.  lost  in  friction  as  0-158  +  0-079  =  0-237,  and  the  efficiency 
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of  the  gears  as   (~       -^7)  X  =  98-815    per    cent.     This    effici- 

ency is  for  a  pair  of  equal  spur  gears,  but  it  will  be  interesting  to 
investigate  the  efficiency  of  a  pair  of  gears  having  a  reduction  ratio  of 
8  to  1,  which  is  generally  considered  about  the  maximum  for  spur  gears. 
Referring  to  Fig.  2,  and  using  the  same  horse-power,  speed  and 
size  of  bearings  as  before  produces  the  following  results: 

,  r       20  x  63025 
langential  tooth  load  r   -     ~— =  oloi  Jb. 


Resultant  load  R  =  2V ±  (F  +  W}*  + 


==  2Vi  (3151  +  11  -25)2  +  1  (3151  x  0-36397)2 
=  3364  Ib. 

Velocity  of  shaft  bearing  surface  r  =  0-262  X  2  x  200  =  104  -8  ft. 
per  min.  Pressure  per  sq.  inch  of  projected  area  p  =  J  X  3364  = 
420-5  Ib.  Hence,  using  formula  (5)  on  p.  31,  the  frictional  resistance 
is  found  to  be  0-6831b.  per  sq.  inch,  and  the  total  frictional  resistance 
equal  to  0-683  X  8  —  5-46411).  Therefore  the  power  absorbed  at 
bearings  Nos.  1  and  2  is  equivalent  to  (5-464  X  104-8)  33000  =  0-0173 
h.p. 

The  total  length  of  surface  contact  of  the  teeth  in  action,  by  formula 
(7)  on  p.  31  is  equal  to  (2  x  200  X  20)/(5  X  12)  =  133-33  ft.  per  min. 
Therefore,  the  power  absorbed  in  friction  between  the  teeth  is  equal  to 
(0-01  x  3151  x  1-0642  x  133-33),  3300  =  0-135  h.p. 

With  regard  to  the  bearings  for  the  160-tooth  wheel,  i.e.  bearings 
Nos.  3  and  4,  the   tangential   loading  is  the  same  as  for  the  20-tooth 
pinion  and  is  equal  to  3151  Ib.      Hence  the  resultant  loading  on  bearings 
Nos.  3  and  4  is 
R=  2 


(3151  +  180)2  +  i  (3151  X  0-36397)2 
=  3523  Ib. 

The  velocity  of  shaft  bearing  surface  is  |  (0-262  X  2  X  200)  = 
13  -09  ft.  per  minute;  i.e.  v  =  13-09.  Also,  bearing  pressure  per  sq. 
inch  of  projected  area  is  equal  to  ^  X  3523  =  440-4.  Hence,  using 
formula  (5)  on  p.  31,  the  frictional  resistance  is  found  to  be  l-5191b. 
per  sq.  inch,  leading  to  a  total  frictional  resistance  of  12-152  Ib.  and  an 
equivalent  horse-power  of  (12-152  x  13-09)/33000  =  0-0048. 

The  total  power  absorbed  in  friction  is  0-0173  +  0-135  +  0-0048 
=  0-1571  h.p.,  and  this  with  an  addition  of  50  per  cent  for  inaccuracies, 
etc.,  is  equivalent  to  0-2356  h.p.  Consequently  the  efficiency  of  the 
pair  of  gears  is  (20  —  0-2356)  X  100/20  =  98-822  per  cent. 

This  result  is  almost  the  same  as  obtained  for  the  pair  of  equal 
gears;  in  actual  practice,  however,  there  would  be  some  slight  variation 
because  the  bearings  of  the  shaft  carrying  the  160-tooth  gear  would 
be  somewhat  larger  than  2  in.  diameter. 

The  foregoing  calculations  may  not  be  theoretically  correct,  but 
the  results  obtained  should  certainly  justify  the  method  for  application 
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to  the  more  complicated  conditions  of  planetary  gearing,  \vhen  used 
as  a  method  of  assessing  the  expected  efficiency,  and  thereby  prove 
whether  the  proposed  design  of  the  unit  will  be  successful  or  otherwise. 

Example  1. 

Referring  to  the  unit  indicated  in  Fig.  3,  we  shall  now  investigate 
this  fully,  firstly  according  to  the  method  of  analysis  developed  in 
Chapter  1,  and  secondly,  according  to  efficiency  criteria  established 
in  the  present  chapter. 


0  *  Stationary  Annu/ns  Cesr 


Weight  of  Revolving  Parts 
=  40  Ib.  (6/b.  For  the  Sun 
Gear  and  Shaft,  and  34  Ib. 
For  the  rest  of  the  parts.) 


Fig.    3.     First    Example    to    be    investigated    for  Efficiency 


From  the  system  of  levers  shown  in  Fig.  4  the  following  results 
may  be  obtained: — 

~Lever  B:  For  one  revolution  of  B  the  point  X  moves  through  a 
distance  of  2trb. 

Lever  C:  For  one  revolution  of  B,  the  point  X  moves  2ir6,  and  the 
point  Y  moves  i  X  2ir6  =  trb. 

Lever  A:  The  point  Y  moves  through  irb  for  one  revolution  of  B, 
and  for  one  complete  revolution  of  A  it  moves  a  distance  of  2ir  (b  +  c). 
Therefore  the  rotation  of  A  for  one  revolution  of  B  amounts  to  Trfc,2ir 
(b  +  c)  or  B/(B  +  D)  revolutions.  Also  the  corresponding  rotation  of 
the  planet  wheel  about  its  own  axis  is  equal  to  BDIC  (B  +  D). 

The  input  to  the  system  is  1  h.p.  at  100  r.p.m.,  and  the  output 
shaft  revolves  in  a  clockwise  direction;  hence  the  speed  of  the  output 


shaft  is 
100  X 


B^ 
B  +  D 


100 


X  30        _.,  _,, 

=  26-316  r.p.m. 


30  +  84 

The  tangential  tooth  pressure  from  the  driving  gear  B  is  equal 
to  F  =  (1  X  63025)/(l-875  X  100)  =  336  Ib.  Moreover  it  is  evident 
that  Fj.  the  load  carried  by  the  planet-gear  bearing,  is  equal  to  2F 
or  672  Ib. 
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BEARING  OF  INPUT  SHAFT:  As  shown,  this  bearing  is  l|-iu.  diameter 
by  3-in.  long.  The  peripheral  velocity  =  0-262  X  1|  X  100  =39-275 
ft.  per  min.,  and  Q  =  F  sec  a  =  357-56  Ib.  Also,  R2  =  Qz  +  PF2 
+  2WQ  cos  20  deg.;  that  is  Rz  =  Q2  +  W2  +  2WF.  Hence  R  = 
V357-562  +  62  +  (2  X  6  X  336)  =  363 -2  Ib.  The  resultant  bearing 
pressure  is  363-2/4-5  =  80-71  Ib.  per  sq.  inch.  Substituting  p  = 
80-71,  and  v  =  39-275  in  equation  (5),  using  a  value  of  r  =  200 
Redwoods  sees,  the  frictional  resistance  comes  out  at  0-324  Ib.  per  sq. 
inch.  Accordingly,  therefore,  the  total  frictional  resistance  =  0-324  X 
4-5  =  l-4581b.,  and  the  power  absorbed  in  friction 
=  (1-458  x  39-275) '33000  =  0-0017  h.p. 


Lever  Arrangements                                                         -     —  „  *]  i|_^_ 

for     Example      1                                                     d=5-2#?  S 

lnput  =  /H.R<3tlOOR.PM. 

^  "  ^  ci  y\  FZ-F 


All  Teeth  are  6/ioP,dnd  have  2QC Pressure  Angle 

BEARING  OF  OUTPUT  SHAFT:  The  load  on  the  output  bearing  = 
f\  +  W  —  672  +  34  =  706  Ib.,  and  the  bearing  pressure  is  equal  to 
706/4-5  =  156-9  Ib.  per  sq.  inch.  The  surface  speed  of  the  bearing 
=  0-262  X  1-5  X  26-316  =  10-336  ft.  per  min.  Hence  putting  eth 
values  p  —  156-9,  r  =  10-336,  and  r  =  200  in  equation  (5)  yields  a 
frictional  resistance  of  1-123  Ib.  per  sq.  inch,  with  a  corresponding  total 
frictional  resistance  of  1-123  X  4-5  =  5-054  Ib.  Consequently,  the 
power  absorbed  in  friction  is  (5-054  X  39-275)/33000  =  0-006  h.p. 
The  speed  of  the  planet  gear  is  given  by 

B  +-D  X-C   X  10°  =  30T%4  X|?  X  10°  =  81'87  r-P'm-; 
and  the  surface  speed  of  the  planet-gear  bearing  =  0-262  X  1   X  81-87 
=  21-434  ft.   per  min.     Therefore,   the   bearing  pressure  =  672/1-125 
—  597-3  Ib.  per  sq.  inch;  and  the  frictional  resistance  by  equation  (5), 
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using  the  values  p  =  597-3,  v  =  21-434,  and  r  =  200,  is  found  to  be 
1-191  Ib.  per  sq.  inch.  The  total  frictional  resistance  is,  therefore, 
1-191  X  1-125  =  1-340  Ibs.,  and  the  power  absorbed  in  friction  is 
(1-340  x  21-434)/33000  =  0-0009  h.p. 

The  power  absorbed  between  the  teeth  of  the  sun  and  planet,  and 
planet  and  annulus  gear,  is  equal  to 

2  x  LuFsecq  =  0-1   X  336  x  1-0642  x  2  x  81-87  X  27  X  2 
"33000  ^3000"x  12  x  8 

=  0-010  h.p. 

Therefore,  the  total  power  absorbed  in  friction  =  0-0017  +  0-006 
+  0-0009  +  0-01  =  0-0186  h.p.,  which,  upon  adding  50  per  cent, 
becomes  0-0279  h.p.,  giving  an  efficiency  of  100  —  2-79  =  97-21  per 
cent. 

When  there  are  two  or  more  planet  gears,  the  tangential  and 
separating  forces  from  the  normal  tooth  pressures  counterbalance  each 
other,  and  consequently  the  main  journals  are  relieved  of  this  load. 
Loads  are  however  produced  in  the  planet  due  to  the  power  transmitted. 
Consequently,  if  it  be  assumed  that  three  planet  gears  are  introduced 
into  the  design  investigated  in  the  preceding  example,  the  input  and 
output  bearings  will  be  relieved  of  the  load  due  to  the  tangential  tooth 
pressures,  and  only  the  dead  weight  has  to  be  considered,  as  follows: 

BEARING  FOR  INPUT  SHAFT:  Here,  the  bearing  pressure  =  6/4-5  — 
1-333  Ib.  per  sq.  inch,  and  the  frictional  resistance  by  equation  (5) 
becomes  0-114  Ib.  per  sq.  inch,  giving  a  total  frictional  resistance  of 
0-114  X  4-5  =  0-513  Ib.  Therefore,  the  power  absorbed  in  friction 
=  (0-513  x  39-275)/33000  =  0-0006  h.p. 

BEARING  FOR  OUTPUT  SHAFT:  For  this  shaft,  the  bearing  pressure 
=  3-4/4-5  =  7-56  Ib.  per  sq.  inch,  and  the  surface  speed  of  the  bearing 
=10-336  ft.  per  min.  Hence,  by  equation  (5),  the  frictional  resistance 
is  equal  to  0-364  Ib.  per  sq.  inch,  and  the  total  frictional  resistance 
=  0-364  X  4-5  =  l-6381b.  Accordingly  the  power  absorbed  in  friction 
=  (1-638  x  39-275)/33000  ==  0-0019  h.p. 

The  total  power  absorbed  in  friction  =  0-0006  +  0-0019  +  0-0009 
+  0-01  =  0-0134,  which  with  the  usual  50  per  cent  equals  0-0201  h.p. 
The  resultant  efficiency  of  the  unit  is  therefore  100  —  2-01  =  97-99 
per  cent. 

It  should  be  noted  that,  when  more  than  one  planet  gear  is 
employed  in  this  type  of  unit,  the  numbers  of  teeth  in  the  sun  and 
annulus  gears  must  be  divisible  by  the  number  of  sets  of  planet  gears, 
otherwise  the  gears  cannot  be  assembled  with  the  planet  gears 
symmetrically  spaced. 

Example  2. 

Here  the  same  gears  are  employed  as  adopted  for  the  preceding 
example,  but  D  is  made  the  driving  gear,  B  the  fixed  gear,  and  the 
arm  A  the  driven  member  (again  using  one  planet  gear  as  shown  in 
Fig.  5,  and  a  system  of  levers  as  indicated  in  Fig.  6). 
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Driving  Gear  D-84T.- 
1H.P.  at  100R.P.M. 


Planet  Gear  C 


Weight  of  Driving  Gear  etc.  =20  Ib. 

"   Output  Shaft  etc.  -  25  Ib.  (1  Planet  Gear) 
"    =  30  lb.(  3  Planet  Gears) 
Fig.  5.     The  Second  Efficiency  Example 

Employing  the  previously  explained  method  of  analysis:  — 

Lever  D:  For  one  revolution  of  the  lever  D,  the  point  X  moves  2ird. 

Lever  C:  The  point  Y  moves  2ird/2  or  trd. 

Lever  A:  The  point  Y  moves  through  ird,  but  for  one  complete 
revolution  of  A,  the  point  Y  moves  2ir  (b  +  c).  Hence  for  one 
revolution  of  D,  the  member  A  rotates  through 


Substituting  d  for  b  +  2c,  the  last  fraction  becomes 
d  D 


d  +  6         D  +  B 

ROTATION  OF  C  ABOUT  ITS  OWN  Axis :  Since  the  centre  of  the  planet 
gear  moves  through  Dj(D  +  B)  of  a  revolution,  it  rotates  DB/(CD  + 
CB)  revolutions  about  its  own  centre.  Therefore  in  the  present 
example,  the  speed  of  C  about  its  own  axis  is  (84  X  30  X  100)/27 
(84  +  30)  =  81-87r.p.m. 

It  will  be  seen  from  Fig.  5  that  the  output  shaft  revolves  in  a 
clockwise  direction,  and  makes  100D/(D  +  B)  =  (100  X  84)/(84  +  30) 
=  73-68  r.p.m. 

The  tangential  tooth  pressure  F  from  the  driving  gear  D  is  equal 
to  (1  X  63025)/(5-25  X  100)  a  120  Ib.,  and  the  load  F:  at  the  planet 
bearing  =  2F  —  240  Ib. 

BEARING  FOR  THE  DRIVING  GEAR  D:  The  bearing  surface  —  2-75  x 
4—11-0  sq.  ins.,  and  the  surface  speed  at  the  bearing  =  0.262  X 
2-75  X  100  =  72ft.  per  min.  The  weight  of  the  revolving  parts  is 
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20  lb.;  and  Q  =  120/0-93969  =  127- 7  lb.  Hence  the  resultant  load 
R  which  is  given  by  R  =  VQ2  +  Wz  +  2WF  is  equal  to 
•V/127-72  4-  202  -f  (2  X  20  X  120)  =  146-65  lb.;  and  the  bearing 
pressure  is  146-65/11  or  13-33  lb.  per  sq.  inch. 

Using  the  values  p  =  13-33,  v  =  72,  r  =  200  in  equation  (5)  gives 
the  frictional  resistance  as  0-1501b.  per  sq.  inch.  Hence  the  total 
frictional  resistance  is  0-150  X  11  —  l-651b.,  and  the  power  absorbed 
in  friction  is  given  by  (1-65  X  72)/33000  =  0-0036  h.p. 


Fig.    6.      Gears    and 

Levers  for  the  Second 

Example 


C-/-6875" 


All  Teeth  are  'hoPand  have  20° Pressure  Angle 


BEARINGS  FOR  OUTPUT  SHAFT:  Here  the  weight  W  of  the  revolving 
parts  is  25  lb.,  and  the  load  on  the  bearings,  F:  +  W,  is  240  -f  25 
=  265  lb.  The  projected  bearing  surface  is  2  X  (1|  X  2),  or  6  sq.  ins., 
so  that  the  bearing  pressure  p  is  265/6  =  44-167  lb.  per  sq.  inch.  Also 
the  surface  speed  v  at  the  bearing  surface  is  equal  to  0-262  X  1-5 
X  73-684  =  28-939  ft.  per  min.  Hence,  by  equation  (5)  the  frictional 
resistance  is  found  to  be  0-29  lb.  per  sq.  inch,  giving  the  total  frictional 
resistance  as  0-29  X  6  —  l-741b.,  and  the  power  absorbed  in  friction 
as  (1-74  x  28-939)/33000  =  0-0015  h.p. 

The  power  required  to  overcome  the  friction  between  the  teeth 
of  sun  and  planet,  and  planet  and  annulus  gears  is  equal  to 
2  2Nn  X  0-01F  sec  a 


=  2  X 


33000  X  12  X  (diametral  pitch) 

2  x  81-87  X  27  x  0-01  x  120  x  1-0642 


=  0-0036  h.p. 


33000  x  12  x  8 

Speed  of  planet  bearing  =  0-262  X  1  X  81-87  =  21-434  ft.   per 
min.,  and  pressure  of  the  planet  bearing  =  240/1-125  =  213-3  lb.  per 
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sq.  inch.  Hence  by  equation  (5),  the  frictional  resistance  is  equal  to 
0-7221  Ib.  per  sq.  inch,  and  the  total  frictional  resistance  is  0-7221  X 
1-125  =  0-8123  Ib.,  giving  the  power  absorbed  in  friction  as  (0-8123  X 
21-434)/33000  ==  0-00053  h.p. 

The  total  power  lost  in  friction  is  0-0036  +  0-0015  +  0-0005  + 
0-0036  =  0-0092  h.p.,  which  with  the  addition  of  50  per  cent  for 
imponderables  becomes  0-0138  h.p.,  leading  to  an  efficiency  of 
(1  —  0-0138)  X  100  =  98-62  per  cent. 

If  the  design  incorporates  three  planet  gears  the  power  dissipated 
as  friction  at  the  main  bearings  may  be  calculated  as  follows: — 

BEARINGS  FOR  DRIVING  GEAR  D:  The  weight  of  revolving  parts  is 
20  Ib.,  the  bearing  pressure  is  20/11  =  1-818  Ib.  per  sq.  inch,  and  the 
frictional  resistance  by  equation  (5)  is  0-107  Ib.  per  sq.  inch.  Therefore, 
the  total  frictional  resistance  is  0-107  X  11  =  1-177  Ib.,  which  absorbs 
power  equal  to  (1-177  X  72)/33000  =  0-0026  h.p. 

BEARINGS  FOR  OUTPUT  SHAFT:  Here  the  weight  of  revolving  parts 
is  30  Ib.,  giving  a  bearing  pressure  of  30/6  =  5  Ib.  per  sq.  inch.  Hence 
by  equation  (5)  the  frictional  resistance  is  found  to  be  0-153  Ib.  per 
sq.  inch,  yielding  a  total  frictional  resistance  of  0-153  X  6  =  0-918. 
The  power  absorbed  in  friction  due  to  this  is  accordingly  (0-918  X 
28-939)/33000  =  0-0008  h.p. 

It  follows  therefore  that  the  total  power  dissipated  in  friction  is 
equal  to  0-0026  +  0-0008  +  0-0005  +  0-0036  =  0-0075  h.p.,  which 
with  plus  50  per  cent  becomes  0-0112,  giving  a  calculated  efficiency  of 
the  unit  as  (1  —  0-0112)  X  100  ==  98-88  per  cent. 

The  efficiencies  obtained  for  the  last  two  examples  have  values 
within  a  region  which  might  have  been  expected,  since  the  type  of 
planetary  gear  investigated  is,  in  action,  very  similar  to  a  straight- 
forward spur-gear  train. 

Example  3. 

For  the  next  example,  the  compound  planetary  gearing  unit  shown 
in  Fig.  7  will  be  analysed  and  investigated  for  efficiency. 

To  enable  two  or  four  sets  of  planet  gears  to  be  employed,  the 
numbers  of  teeth  of  both  sun  gears  B  and  E  are  divisible  by  four,  to 
avoid  difficulty  in  assembly;  this  provision  prevents  the  necessity  of 
splitting  the  planet  gears.  To  assist  comparison,  the  unit  is  driven 
at  the  same  speed  as  that  specified  for  the  two  preceding  examples; 
it  also  has  the  same  input  power  and  approximately  the  same  reduction 
ratio  as  the  first  example.  Proceeding  now  to  the  analysis  by  the 
equivalent  lever  system,  this  is  as  follows: —  . 

Lever  A:  For  one  revolution  of  lever  A,  the  point  X  moves  2ira. 

Lever  C:  Since  the  point  X  moves  2-rra,  the  point  Y  moves  — 

Lever  E:  For  one  complete  revolution  of  E  the  point  Y  moves 
2ire;  therefore  for  one  revolution  of  A,  the  member  E  rotates  through 

2ira  (c  —  rf),          a   (c  —  d)  ,     .  ,  .  ,    - 

— ~ or  --revolutions,  which  lor  the  present  example 

cx  2  ire  ce 
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revolution.     Hence,  for 
X  100  =  25,  i.e.  r.p.m. 


amounts  to   (3-5  X  0-25)/(2-0  X  1-75),   or 
100  revolutions  of  A,  the  member  E  makes 
clockwise. 

Using  four  sets  of  planet  gears  and  considering  only  the  dead 
weight  of  the  unit  on  the  bearings  will  lead  to  the  following  results. 

BEARING  FOR  DRIVING  PULLEY,  ETC.:  The  speed  of  the  pulley  is 
100  r.p.m.,  and  that  of  the  driven  shaft  is  25  r.p.m.,  hence  the  speed 
of  the  pulley  relative  to  the  driven  shaft  is  100  —  25  =  75  r.p.m., 
and  the  speed  at  the  bearing  surface  is  0-262  X  1-625  X  75  =  31-93 
ft.  per  min.  Further,  the  weight  involved  is  80  lb.,  and  the  bearing 
surface  is  1-625  X  3  =  4-875  sq.  ins.,  therefore  the  bearing  pressure 
is  80/4-875  —  16-4  lb.  per  sq.  inch.  Hence  by  equation  (5)  the  frictional 


/        Fig.  7.     The  Third 


l-625dfa. 


Efficiency   Example 


Wight  of  Driving  Pulley  etc.  -  80  lb. 
"       -   Output  ShdFt  etc.- 10  h 
All  Teeth  are  8/nP  end  have  20° Pressure  Angle 

resistance  is  found  to  be  0-192  lb.  per  sq.  inch,  giving  a  total  frictional 
resistance  of  0-192  X  4-875  =  0-936  lb.,  and  the  power  absorbed  in 
friction  as  (0-936  X  31-93)/33000  =  0-0009  h.p. 

OUTPUT  SHAFT  BEARING:  Here  the  weight  of  the  revolving  parts  is 
10  lb.,  which  for  all  practical  purposes  may  be  regarded  as  being  equally 
divided  between  the  1£-  and  If-inch  diameter  bearings. 

For  the  1^-inch  diameter  bearing,  the  load  is  5  lb.,  which  with  a 
bearing  surface  of  1£  x  3  =  3-75  sq.  ins.,  produces  a  bearing  pressure 
of  5/3-75  =  IJlb.  per  sq.  inch.  The  surface  speed  at  the  bearing  is 
)-262  x  1J  X  25  =  8-188  ft.  per  min.  Hence  by  equation  (5),  the 
frictional  resistance  is  calculated  to  be  0-35  lb.  per  sq.  inch,  giving  a 
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total  frictional  resistance  of  0-35  X  3-75  =  1-313  lb.,  and  the  power 
absorbed  in  friction  as  (1-313  x  8-188)/33000  =  0-0003  h.p. 

For  the  l|-inch  diameter  bearing,  the  load  is  5  lb.  and  the  bearing 
surface,  1-625  X  3  =  4-875  sq.  ins.;  hence  the  bearing  pressure  is 
equal  to  5/4-875  =  1-026  lb.  per  sq.  inch.  The  surface  speed  at  the 
bearing  is  0-262  X  1-625  X  25  =  10-644  ft.  per  inin.  Using  these 
values  in  equation  (5)  gives  the  calculated  value  of  the  frictional 
resistance  as  0-282  lb.  per  sq.  inch.  Therefore,  the  total  frictional 

End.  Planet  Gear 
D-E8T. 


Stationary  Gear 
B-^4T. 


Fig.  8.     Gears  and  Levers 
for    the    Third    Example 


Driven  Member 
E-ZdT. 

Input  =1  H.P 
dtlOOR.P.M 


'riven  wemoer     /  .  a -3-500         — — |— • —       \ 

E~28r'      /  '.J>°t-50o't\\  c-*00\|    1st. Planet  Gear 

Inputs  H.P.  [S^fteSj        C~3ZT- 

dt  100  R.  P.  M.  r r  r * 


All  Teeth  are^tof  and  have  20 'Pressure  Angle 

resistance    is    0-282  X  4-875  =  1-375,    and    the    corresponding    power 
dissipated  is  (1-375  X  10-644)/33000  =  0-0004  h.p. 

From  Fig.  8  and  equation  (1)  on  p.  30,  F  =  (1  X  63025) '(3 -5  X 
100)  =  180  lb.  and  Fx  =  2F/0-25  =  1440  lb.;  also,  Ft  =  Fl  -  F  = 
1440  —  180  =  1260  lb. 

ROTATION  OF  PLANET  GEARS:  For  one  complete  revolution  of  the 
lever  A,  the  point  X  moves  through  a  distance  2ira,  which  equals  the 
movement  given  to  the  lever  C,  and  since  one  complete  revolution  of 
the  lever  C  =  2irc,  then  for  one  revolution  of  the  lever  A  the  planet 
gears  C  and  D  revolve  through  2ira  2irc  =  a/c  =  3 -5 '2  =  1-75  revolu- 
tions. That  is,  for  100  revolutions  of  A,  the  planet  gears  make  175 
revolutions.  The  corresponding  speed  is  therefore  175  r.p.ni.  However, 
from  the  point  of  view  of  tooth  engagement,  the  actual  speed  is  B/C  ) 
100  =  24/32  X  100  =  75  r.p.m.,  hence  the  power  required  to  overcome 
the  friction  between  the  teeth  of  the  sun  gear  B  and  the  planet  gear  C  is 
jjtF2  sec  a  X  2  Nn 
33000  X  D.P.  x  12 

=  0-01  X  1260  x  1-0642  x  2  x  75  x  32  _  Q  02fn  , 
33000  x  8  x  12 
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Similarly,  the  power  required  to  overcome  the  friction  between 
the  teeth  of  the  driven  gear  E  and  the  planet  gear  D  is  equal  to 

0-01  x  1440  x  1-0642  x  2  x  75  x  28  =  0  02(n  .  n 
33000  x  8  x  12 

The  speed  at  the  surface  of  the  planet-gear  bearing  =  0-262  x 
1  x  75  =  19-65  feet  per  min.,  and  the  surface  of  this  bearing  is 
1  X  2f  =  2-375  sq.  ins.  Hence  the  corresponding  pressure  is  180/ 
2-375  =  75-79  lb.,  and  from  equation  (5)  the  frictional  resistance  is 
found  to  be  0-478  lb.  per  sq.  inch,  yielding  a  total  frictional  resistance 
of  0-478  X  2-375  =  1-135  lb.,  and  the  power  absorbed  in  friction  as 
(1-135  x  19-65)/33000  =  0-0007  h.p. 

Therefore,  the  total  power  absorbed  in  friction  is  equal  to 
0-0009  +  0-0003  +  0-0004  +  0-0203  +  0-0203  +  0-0007  =  0-0429  h.p. 
Adding  the  usual  50  per  cent  gives  a  value  of  0-0644  h.p.  which  gives 
an  efficiency  of  the  unit  equal  to  (1  —  0-0644  )  X  100  =  93-56  per  cent. 

With  regard  to  the  three  examples  so  far  considered,  it  is  interesting 
to  compare  the  maximum  tooth  pressures  and  the  maximum  bearing 
loads.  Such  comparison  may  be"  made  with  the  assistance  of  Table  XI. 
Here,  it  will  be  appreciated  that  the  efficiency  is  high  in  the  first  and 
second  examples  because  the  arrangement  of  gears  is  very  similar  in 
its  action  to  that  of  a  straightforward  train  of  spur  gearing.  The 
efficiency  drops  considerably  in  the  third  example,  in  which  compound 
gearing  is  utilized. 

As  the  reduction  ratio  increases,  the  tooth  pressures  also  generally 
increase,  until  they  reach  such  magnitude  as  to  become  impracticable. 

TABLE  XI.     COMPARISON  OF  RESULTS  FOR  EXAMPLES  1,  2  AND  3 


Example 
No. 

Maximum 
Tooth 

Planet  Gear 
Bearing 

Reduction 
Ratio 

No.  of  Sets 
of  Planet 

Efficiency 
per  cent 

Pressure 

Load 

Gears 

1 

336  Ibs. 

672  Ibs. 

3-8  :1 

1 

97-21 

1 

112    „ 

224    „ 

3-8  :1 

3 

97-99 

2 

120   „ 

240    „ 

1-357  :1 

1 

98-62 

2 

40     „ 

80    „ 

1-357  :1 

3 

98-88 

3 

360   „ 

45    „ 

4:1 

4 

93-56 

Example  4. 

This  unit  is  similar  to  that  examined  in  Example  3,  but  with  a 
reduction  ratio  of  20-475  to  1.  The  general  arrangement  and  analysis 
diagram  are  shown  in  Fig.  9  and  10.  In  the  present  case,  it  would 
perhaps  be  advisable  to  consider  the  strength  of  the  teeth  with  regard 
to  the  high  tooth  pressures  before  proceeding  with  the  routine  analysis. 
This  would  prove  whether  a  compact  design  can  be  achieved,  apart 
from  considerations  of  efficiency.  The  method  here  used  is  based  on 
the  well-known  Lewis  formula,  and  can  be  applied  to  most  types  of 
planetary  gearing. 

The  general  procedure  is  as  follows: — 

1.  Find  where  the  maximum  tooth  pressure  occurs.  (In  the  present 
unit,  this  is  between  the  gears  D  and  E,  as  in  the  previous  example.) 
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.-.^-Driving  Mem  for -A 
i  L!— 1st.  Planet  Gear  C- 421 
-    D-4.il 


Weight  of  Driving  Pulley  etc.  *  120 to. 
f-       •      «  Output  Shaft  etc.*20/k 


l-ZSDdid. 


AH  Teeth  are  6foPand  have  20°  Pressure  Angle 
Fig.  9.     The  Fourth  Efficiency  Example 

2.  Assume  a  diametral  pitch  which  will  give  pitch   diameters  to 
suit  the  overall  dimensions  of  the  required  design.     (Say,  8  D.P.   for 
this  example.) 

3.  Determine   F.  the  actual  driving  force  acting  at  the  centre  of 
the  planet  gears.     [In  the  present  example  F  =  (1   X  63025)/(5  X  100) 
=  126-051b.] 

4.  Determine  the  maximum  tooth  pressure.     In  the  unit  considered, 
the    maximum    tooth    pressure  =  Fl  =  (F  X  c)'(e  —  d)  =  (126-05   X 
2-625)  (2-625  —  2-5625)  =  5294  lb.,     which     divided     amongst     three 
planet    gears    would   be    1765  lb.     Hence     F2  =   Fl   —    F  =  5294  — 
126-05  =  5168  lb. 

5.  Obtain   an   allowable   unit   stress   at   the   pitch-line   velocity   of 
teeth  where   the   greatest  load  occurs.     In  the   present   example,  the 
rotational    speed    of   the    planet    gears  =  100B  C  =  (38  X  100)/42  = 
90-5  r.p.m.:  hence  velocity  at  pitch  line  =  0-262  X  5-125   X  90-5  = 

121-52   ft.   per  min.     Using  the  Lewis  formula,  S  =  Ss  X 


18000  X  •? 


600 


600  +  121-52 
b.  per  sq.   inch  for  0-3  per  cent  carbon  steel. 


600  +  V 
=  14969  lb.    per    sq.    inch  ;    where    S,  =  18000 
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6.  Find  the  safe  maximum  tangential  load.      For  this  the  formula 
W  =  Sfy/P  may  be  used,  where/  =  the  width  of  face  in  inches;  y  = 
the  outline  factor;  and  P  =  the  diametral  pitch.     For  the  three  sets 
of  planet  gears,  W  =  Fx  =  1765  lb.,  hence  width  of  face/ =  (1765  X  8)/ 
(14969  X  0-344)  =  2-742  in. 

7.  Determine  the  best  relation  between  pitch  and  width  of  face. 
For  this  we  may  use  the  formula: 

/  =       —    p^     ~  whicn  when   applied  to  the  present   example, 


8 


gives  /  = 

It  is  obvious  from  the  widely  divergent  results  for  the  face  width 
obtained  by  the  formula?  in  6  and  7  above,  that  the  selected  pitch  is 
too  small  to  transmit  1  h.p.  through  the  gears  D  and  E,  owing  to  the 
reduction  ratio  and  consequent  high  tooth  loads.  Although  the  pitch 
could  be  increased,  resulting  in  a  larger  diameter  of  unit,  the  result 


Fig.  10.    Gears  and  Levers 
for  the  Fourth  Example 


Input  •  IH.Ptf  100  RPM, 


All  Teeth  are  %  P  and  have  20° Pressure  Angle 

obtained  so  far  does  emphasize  the  importance  of  using  this  type  of 
planetary  gearing  for  light  duty  only,  except  where  tooth  loads  and 
overall  dimensions  can  be  kept  within  reasonable  bounds. 

If  the  power  transmitted  be  reduced  to  0-5  h.p.,  all  other  conditions 
remaining  unchanged,  then  F  =  63-025  lb.,  Fx  =  2647  lb.  (or  for  three 
sets  of  planet  gears,  882-3  lb.)  and  velocity  at  the  pitch  line  =  121-52  ft. 
permin.  S  =  14969  lb.  per  sq.  in.,  F2  =  882-3  —63-025  =  819-275 
lb.,  and  /=  (882-3  X  8)/(14969  X  0-344)  ==  1-371  in.  As  the  latter 
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compares  very  favourably  \vith  the  value  found  for  the  "best  relation 
between  pitch  and  face  width",  it  wrould  be  safe  to  make  the  face  width 
of  the  gears  If  in. 

This  face  width  is  just  about  the  maximum  for  compact  design, 
incorporating  three  sets  of  planet  gears.  Any  increase  in  tooth  pressure 
or  reduction  ratio  would  certainly  necessitate  greater  face  Avidths. 

To  enable  the  unit  to  be  assembled,  two  of  the  planet-gear  pairs 
will  have  to  be  made  separate  as  shown  in  Fig.  9,  so  that  the  teeth  of 
each  pair  can  be  "set"  in  the  correct  relative  position  to  engage  correctly 
with  their  respective  sun  gears.  After  setting,  the  two  pairs  are  dowelled 
as  shown  to  maintain  a  positive  location  and  drive. 

The  efficiency  of  the  unit  can  now  be  considered. 

For  100  revolutions  of  A  the  member  E  makes  a  \c  ~    >    x  100 

ce 

revolutions,  that  is  the  speed  of  member  E  is 
5  (2-625  -  2-5625)  x  100  _  ,  ftft, 
"    2-625  x  2-4375- 

BEARING  FOR  DRIVING  PULLEY,  ETC.:  The  speed  of  the  pulley  is 
100  r.p.m.,  and  that  of  the  driven  shaft  is  4-884  r.p.m.,  therefore  the 
.speed  of  the  pulley  relative  to  the  driven  shaft  is  100  —  4-884  =  95-116 
r.p.m.  Also  the  surface  speed  at  the  bearing  =  0-262  X  1-75  X 
95-116  =  43-611  ft.  per  min.  The  bearing  surface  is  1-75  X  4  =  7 
sq.  inches,  and  the  weight  of  the  pulley,  etc.,  is  120  lb.,  hence  the  bearing 
pressure  is  120/7  =  17-143  lb.  per  sq.  inch. 

By  applying  formula  (5),  it  is  found  that  the  frictional  resistance 
is  equal  to  0-171  lb.  per  sq.  inch,  yielding  a  total  frictional  resistance 
of  0-171  X  1  —  1-197  lb.  The  power  absorbed  in  friction  is  therefore 
equal  to  (1-197  x  43-611)  33000  =  0-0016  h.p. 

OUTPUT  SHAFT:  Here  the  weight  of  the  revolving  parts  is  20  lb., 
which  can  be  assumed  to  be  divided  equally  between  the  two  main 
bearings. 

For  the  If-inch  diameter  bearing  the  weight  is  therefore  10  lb. 
and  since  the  bearing  surface  is  If  X  3  =  5-25  sq.  inches,  the  bearing 
pressure  is  equal  to  10/5-25  =  1-905  lb.  per  sq.  inch.  Also,  the  surface 
speed  at  the  bearing  is  equal  to  0-262  x  1-75  X  4-884  =  2-239  ft.  per 
min.  By  equation  (5),  the  frictional  resistance  is  found  to  be  0-72 
lb.  per  sq.  inch,  so  that  the  total  frictional  resistance  is  0-72  X  5-25 
=  3-78  lb.,  and  the  power  absorbed  in  friction  is  equal  to  (3-78  X 
2-239)/33000  =  0-0003  h.p. 

For  the  l£-inch  diameter  bearing,  the  load  is  again  10  lb.,  which 
with  a  bearing  surface  of  1£  X  3£  =  5-25  sq.  ins.,  has  a  bearing  pressure 
of  10/5-25  =  1-905  lb.  per  sq.  inch.  By  equation  (5)  therefore,  the 
frictional  resistance  is  0-756  lb.  per  sq.  inch,  and  the  total  frictional 
resistance  is  0-756  X  5-25  =  3-969  lb.  The  power  absorbed  in  friction 
is  therefore  (3-969  X  1-919)  33000  =  0-0002  h.p. 

The  power  required  to  overcome  the  friction  between  the  teeth 
of  the  planet  gear  D  and  the  driven  gear  E  is  equal  to 

0-01  x  2647  x  1-0642  x  2  x  90-5  x  41  _  0  066  h 
33000  x  8  x  12 
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PLANET  GEAR  BEARING:  For  this  bearing  the  surface  speed  is 
0-262  X  1-25  X  90-5  =  29-639  ft.  per  min.,  and  the  bearing  surface 
equal  to  1£  X  3|  =  3-906  sq.  ins.;  hence  the  bearing  pressure  is 
63-025/3-906  =  16-135  Ib.  per  sq.  inch.  Consequently,  by  equation  (5), 
the  frictional  resistance  is  0-199  Ib.  per  sq.  inch,  and  the  total  frictional 
resistance  equal  to  0-199  X  3-906  =  0-777  Ib.,  giving  the  power  absorbed 
in  friction  as  (0-777  X  29-639)/33000  =  0-007  h.p. 

The  total  power  absorbed  in  friction  is  therefore  equal  to 
0-0016  +  0-0003  +  0-0002  +  0-066  +  0-066  +  0-007  =  0-1411,  which 
being  increased  by  50  per  cent  to  allow  for  imponderables,  gives  an 

efficiency  of  100  -  =  57-68  per  cent. 

From  the  preceding  examples,  it  will  be  gathered  that  the  power 
absorbed  in  friction  between  the  teeth  of  the  gears  B  and  C,  and  between 
those  of  D  and  E  is  exactly  the  same.  Consequently,  in  dealing  with 
compound  planetary  gearing  of  this  type,  the  horse-power  need  only 
be  calculated  for  one  pair  of  gears  and  doubled. 

The  efficiency  of  the  example  is  low.  This  is  true  of  all  compound 
gearing  types  of  unit  where  the  tooth  and  planet  bearing  pressures 
are  high. 

Example  5. 

Referring  to  the  gearing  shown  in  Fig.  11,  this  has  a  reduction 
ratio  of  152-25  to  1,  and  the  corresponding  system  of  levers  is  given 

1st.  Planet  Gear  C-ffl. 

Stationary 
Gear  D-88T 


Driving  Gear  / 

B-3ET. 
1/zH.Pdt500R.f!M 


Weight  of  Input  Shaft  etc.  -  8!b. 
"  Output  -  etc.-24lt>, 
"  Planet  Gsar  Carrier  etc.  -32  & 

All  Gears  ere  "fa  Part  teve  29° Pressure  Angle 
Fig.  11.     The  Fifth  Example  to  be  investigated  for  Efficiency 
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Driven  Gear 

Stationary  F-871:  2nd.  Planet 

Gear  D-88T  1st  Planet  \          Gear  E-27T 

Gear  C-28T. 


.a-3-QP.  I  „  !  a- 

\*W"-£l£2tt*mMff    fr^Eji. 

[^ffr-4-40*  •      f =4-350" 

Input  -  '/z  H.R 
at  500  R.RM.' 


~^J    IF3 


All  Gears  ere  tc/;zPand  h=v?  20°  Prussurs  Angia 
Fig.   12.     The   Gears   and   Representative  Levers   for  the   Fifth  Example 


in  Fig.   12.     Commencing  with  the  analysis,  for  one  revolution  of  J5, 
the  point  X  moves  through  2ir6,  and  the  point   Y  through  irb. 

Lever  A:  For  one  revolution  of  A,  the  point  Y  moves  2ir  (6  +  c) 
—  2-rra,  therefore  the  number  of  revolutions  made  by  A  for  one  revolution 

of  B  is  equal  to    -  —  or  substituting  d  for  6  +  2c, 

2ir   (b  +  c)        26  +  2c, 

r> 

this  is  equal  to 

B  -j-  D 

Levers  C  and  E:  For  one  revolution  of  A,  the  members  C  and  E 
will  make  D/C  revolutions  anticlockwise;  therefore  for  Bj(B  +  D) 

r> 

revolutions   of  A,  the  resultant  rotation  of  C  and  E  will  be - 

D 
X  r    revolutions  anticlockwise. 

Lever  F:  For  one  revolution  of  B,  the  point  Y  moves  ir6;  hence 
by  proportionate  leverage,  if  2  be  the  movement  of  Z  and  y  the  movement 
of  Y, 

z  :  c  —  e   ::  y   :  c,  so  that 

z,  the  movement  of  Z  is  equal  to  ^ 

c 

For  one  revolution  of  F,  the  point  Z  moves  2TT/;  hence  the  number  of 
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revolutions   made   by    F  per  revolution  of   B  is  equal   to  t. 


E'  Therefore,  the  reduction  ratio  of  the  unit  is  — 


— ,  — 

2CF  (C  —  L)  B 

2    X   28    X   87          ico  or  i 

=  (28-27)32   = 

Hence,  the  speed  of  F  =  500/152-25  =  3-284  r.p.m.  clockwise,  the 
speed  of  A  is  (32  x  500)/(32  +  88)  =  133-33  r.p.m.  clockwise,  and 
the  speed  of  C  and  E  =  (133-33  x  88)/28  =  419-048  r.p.m.  anti- 
clockwise. 

The  tangential  component  F  is  equal  to  (0-5  X  63025)/(l-6  X 
500)  =  39-39  lb.;  and  Fx  =  2F  =  78-78  Ib.  Also,  by  the  relation 
F2  =  (F1  x  c)/(c  -  e),  F2  =  (78-78  X  l-4)/(l-4  - 1-35)  =  2205-84  lb.; 
and  F3  =  F2  -  F!  =  2205-84  -  78-78  =  2127-06  lb. 

Following  the  same  procedure  of  the  previous  example  leads  to 
the  results: 

1.  The  greatest  tooth  pressure  occurs  between  E  and  F, 

2.  The  satisfactory  diametral  pitch  is  equal  to  about  10; 

3.  The  driving  force  acting  at  the  centre  of  the  planet  gears  is 
78-78  lb.; 

4.  The  maximum  tooth  pressure  =  F2  =  2205-84  lb.; 

5.  The  speed  of  the  gears  C  and  E  is  419-05  r.p.m.;  Velocity  at 
the     pitch    line  =  0-262  X  2-7  X  419-05  =  296-433     ft.     per    min.; 
S  =  (22000  x  600)/(600  +  296-433)  =  14703  lb.  per  sq.  incF,  Ss  being 
22000  lb.  per  sq.  inch,  for  0-4  carbon  steel. 

6.  For  the  safe  maximum  tangential  load,  with  four  sets  of  planet 
gears,    F2  =  551-46  =  Sfy/'P,    hence   the   width    of  face  /=  (551-46 

X  10)/(14703  X  0-314)  =  1-195  in. 

7.  Accordrng  fto      equation,     /  =  (0-15^^+  9)/P,      /=(0-15 
V296-433  +  9)/10  =  1-158  in.     As  the  results  of  6  and  7  agree  fairly 
•well,  a  face  width  of  IJ-ins.  will  be  found  satisfactory. 

POWER  ABSORBED  IN  FRICTION:  The  speed  of  the  input  shaft  is 
500  r.p.m.,  hence  at  the  IJ-inch  diameter  bearing,  the  surface  speed 
is  0-262  X  1-25  X  500  =  163-75  ft.  per  min.  The  bearing  surface  is 
(1J  X  1J)  X  2  =  3-125  sq.  ins.  The  weight  of  the  revolving  parts  is 
8  lb.,  and  as  the  major  portion  of  the  load  is  taken  by  the  two  IJ-inch 
diameter  bearings,  the  effect  of  the  f-inch  diameter  tail  bearing  can  be 
neglected.  Therefore,  the  bearing  pressure  =  8/3-125  =  2-56  lb.  per 
sq.  inch,  and  by  equation  (5)  on  p.  00,  the  frictional  resistance  is 
0-134  lb.  per  sq.  inch,  giving  the  total  frictional  resistance  as  0-134  X 
3-125  =  0-419  lb.,  and  the  power  absorbed  in  friction  as  (0-419  X 
163-75)/33000  =  0-0021  h.p. 

In  the  case  of  the  planet  gear  carrier  bearings,  the  weight  of  revolving 
parts  is  32  lb.,  the  speed  of  the  input  shaft  is  500  r.p.m.,  and  the  speed 
of  the  carrier  is  133-33  r.p.m.  Hence  the  speed  of  the  carrier  relative 
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to  the  input  shaft  is  500  —  133-33  =  366-67  r.p.m.  Also,  the  surface 
speed  at  the  bearing  surface  is  0-262  X  1-25  X  366-67  =  120-085  ft. 
per  min.  The  bearing  surface  is  1-25  X  1'75  =  2-1875  sq.  ins.,  and 
the  bearing  pressure  is  32/2-1875  =  14-628  Ib.  per  sq.  inch.  Therefore 
by  equation  (5),  the  frictional  resistance  is  0-1695  Ib.  per  sq.  inch, 
and  the  total  frictional  resistance  is  0-1695  X  2-1875  =  0-371  Ib. 
The  power  absorbed  by  friction  is  (0-371  X  120-085)/33000  =  0-0013 
h.p. 

Considering  now  the  bearings  of  the  output  shaft,  the  weight  of 
revolving  parts  is  24  Ib.  and  the  speed  of  the  output  shaft  is  3-284  r.p.m.; 
also,  the  surface  speed  at  the  bearing  is  0-262  X  1-75  X  3-284  = 
1-506  ft.  per  min.  The  bearing  surface  is  1-75  X  1-5  X  2  =  5-25 
sq.  ins.,  and  the  bearing  pressure  is  24/5-25  =  4-571  Ib.  per  sq.  inch. 
By  equation  (5)  therefore,  the  frictional  resistance  is  0-893  Ib.  per  sq. 
inch,  and  the  total  frictional  resistance  is  0-893  X  5-25  =  4-688  Ib. 
Hence  the  power  absorbed  is  equal  to  (4-688  X  1-506)/33000  =  0-0002 
h.p. 

Next  to  be  considered  are  the  bearings  of  the  planet  gears.  Here 
the  load  on  the  bearings  is  78-78  Ib.,  and  the  speed  of  the  bearings  is 
419-05  r.p.m.  The  surface  speed  at  the  bearings  is  0-262  X  1  > 
419-05  =  109-791  ft.  per  min.  Also,  the  bearing  surface  is  1  X  2£ 
=3  2-25  sq.  ins.;  hence  the  bearing  pressure  is  78-78/2-25  =  35-01  Ib. 
per  sq.  inch.  By  equation  (5),  therefore,  the  frictional  resistance  is 
0-224  Ib.  per  sq.  inch,  and  the  total  frictional  resistance  is  0-224  X 
2-25  =  0-504  Ib.  Hence,  the  power  absorbed  in  friction  is  equal  to 
(0-504  x  109-79)/33000  =  0-0017  h.p. 

The  power  required  to  overcome  the  friction  between  the  teeth 
of  the  sun  gear  B  and  the  planet  gear  C  is  given  by  the  formula, 
(2Nn\iF  sec  a)/(33000  X  P  X  12),  which  is  equal  to  (2  x  419-05 
X  28  x  0-01  x  39-39  X  1-0642)/(33000  X  10  x  12)  =  0-0025  h.p. 

Similarly,  the  power  required  to  overcome  friction  between  the 
teeth  of  the  planet  gear  C  and  the  annulus  D  is  (2Nn\nF3  sec  a)/(33000 
X  P  X  12),  and  this  is  (2  x  419-05  x  28  X  0-01  X  2127-06  X  1-0642) 
/(33000  X  10  x  12)  =  0-1341  h.p. 

Further,  the  power  to  overcome  friction  between  the  teeth  of  the 
planet  gear  E  and  the  annulus  F  is  given  by  (2NnpFa  sec  a)/(33000  X 
P  X  12),  which  is  (2  x  419-05  X  27  X  0-01  X  2205-84  X  .1-0642)/ 
(33000  x  10  x  12)  =  0-1341  h.p. 

The  total  power  absorbed  in  friction  =  0-0021  +  0-0013  +  0-0002 
+  0-0017  +  0-0025  +  0-1341  +  0-1341  ==  0-276  h.p.,  which,  adding 
50  per  cent  for  inaccuracies,  etc.,  becomes  0-414  h.p.  Hence,  the 
efficiency  of  the  unit  is  (1  —  0-414)  100/0-5  =  17-2  per  cent,  a  resulting 
low  efficiency  which  is  only  to  be  expected  from  such  a  high  reduction 
ratio. 

In  the  assembly  of  this  unit,  no  trouble  is  experienced  between 
the  gears  B,  C,  and  D,  because  all  the  numbers  of  teeth  are  divisible 
by  four.  However,  if  the  planet  gears  C  and  E  were  not  arranged  for 
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relative  tooth  setting,  the  four  planet  gears  E  would  not  engage  the 
gear  F,  because  its  number  of  teeth  (87)  cannot  be  divided  by  four. 
One  pair  can,  of  course,  remain  solid,  to  obviate  extra  work. 

Use  of  Ball,  Roller  and  Needle  Bearings 

The  examples  so  far  considered  involve  the  use  of  plain  bearings. 
The  employment  of  ball  bearings,  ball  and  roller  bearings,  or  needle 
roller  bearings  where  applicable,  would  result  in  a  definite  increase  in 
the  efficiency  of  any  particular  unit.  Where  space  is  critical,  as,  for 
example,  when  the  planet  gears  are  small  in  diameter,  it  has  been  found 
advantageous  to  mount  the  gears  on  needle  roller  bearings,  especially 
in  the  case  of  planet  gears.  To  assist  in  assessing  the  difference  made 

TABLE    XII.     COMPARATIVE    RESULTS    WITH    PLAIN    AND    BALL    AND 
ROLLER  BEARINGS 


I   =; 

I 

Hi 

Planet                   Efficiency 

J£       S 

R.P.M. 

r£0    Maximum 

Gear       !                                Bait 

Difference 

=•   -. 

Reduction    l<~  S       Tooth 

- 

8, 

Ratio           I  g 

Pressure 

Load           Bearings 

Roller 

Efficiency 

_ 

Input 

Output 

£Z 

(Ibs.) 

(Ibs.) 

Bearings 

i 

1 

100 

26-316 

3-8:1 

! 

336 

672        97-21%      97-97% 

•76% 

1  !  1 

100    26-316 

3-8:1 

3 

112 

224        97-99%      98-14% 

•13% 

2  !  1 

100    73-684 

1-357:1 

1 

120 

240 

98-62%        99-2% 

•58% 

2  |  1 

100    73-684 

1-357:1 

3 

40 

80        98-88%      99-32% 

-44% 

3      1 

100  1      25 

4:1 

4 

360 

45 

93-56%   I  93-8% 

•24% 

4 

.". 

1 

100 
500 

4-884 
3-284 

20-475:1 
152-25:1 

3 

4 

882-3 
551-46 

21-008 
19-695 

57-68% 
17-20% 

60-24% 
18-29% 
« 

2-56% 

1-09% 

in  the  efficiency  by  fitting  each  unit  with  ball  bearings  throughout, 
except  for  the  planet-gear  bearings  where  needle  bearings  are  assumed, 
the  new  efficiencies  have  been  calculated  and  placed  in  Table  XIII 
with  the  old  efficiencies,  for  comparison.  These  new  figures  are  obtained 
as  follows: — 
EXAMPLE  1  (USING  ONE  PLANET  GEAR  ONLY). 

The  velocity  V  of  the  ball  bearings  may  be  taken  as  equal  to 
0-262  x  (the  pitch  circle  diameter  of  balls  or  rollers)  X  speed  in  r.p.m. 
The  pitch-circle  diameter  of  the  balls  or  rollers  may  be  taken  as 
i  (Outside  diameter  of  bearing  +  Bore  of  bearing).  The  power  absorbed 
in  friction  is  U.FW33000  h.p.,  where,  the  coefficient  of  friction  \L  can 
be  taken  as  0-001  for  ball  bearings,  0-002  for  roller  bearings,  or  0-005 
for  needle  bearings. 

Continuing  our  present  example,  the  power  absorbed  in  friction 
for  the  input  shaft  =  (0-001  x  363-2  x  0-262  X  2-375  X  100)  (33,000) 
=  0-0007  h.p.;  and  for  the  output  shaft,  the  figure  is  (0-001  X  706  X 
0-262  x  2-375  x  26-316)/33000  =  0-0004  h.p.  For  the  planet-gear 
bearing  the  power  absorbed  is  equal  to  (0-005  X  672  X  0-262  X  1-10 
X  81 -87) '33,000  =  0-0024  h.p. 

For  the  teeth  of  sun  and  planet,  and  planet  and  annulus,  it  remains 
as  before,  equal  to  0-010  h.p.  Hence  the  total  power  absorbed  in 
friction  is  0-0007  =  0-0004  +  0-0024  +  0-010  ==  0-0135,  which  with  an 
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allowance  of  50  per  cent  for  inaccuracies,  etc.,  becomes  0-0203  h.p.; 
and  the  efficiency  of  the  unit  is  (1  -  0-0203)  x  100  =  97-97  per  cent. 
EXAMPLE  1  (USING  THREE  SETS  OF  PLANET  GEARS). 

The  power  absorbed  in  friction  at  the  input  shaft  is  equal  to 
(0-001  x  6  X  0-262  x  2-375  X  100)/33,000  =  0-0000114  h.p.;  and  for 
the  output  shaft,  the  power  is  (0-001  X  34  X  0-262  x  2-375  x  26-316) 
33.000  ==  0-000017  h.p.  For  the  planet-gear  bearings  it  is  0-0024  h.p. 
as  before.  Also  the  pOAver  absorbed  due  to  friction  between  the  teeth 
remains  at  0-010  h.p.  Consequently,  the  total  power  absorbed  in 
friction  is  equal  to  0-0000114  -f  0-000017  +  0-0024  +  0-010  = 
0-0124284,  which  with  the  usual  50  per  cent  is  0-0186426  h.p.,  giving  an 
efficiency  of  (1  —  0-0186)  100  =  98-14  per  cent. 
EXAMPLE  2  (USING  ONE  PLANET  GEAR  ONLY). 

The  power  absorbed  in  friction  is  as  follows: 

Bearing  for  driving  gear  D  =  (0-001  X  146-65  X  0-262  X  4  X  100) 

,/33,000  =  0-0005  h.p. 
Bearing  for  output  shaft       =(0-001    X    265    X    0-262    X   2-375    X 

73-684)  33,000  =  0-0004  h.p. 
Planet-gear  bearing  =(0-005     X    240    X    0-262     xl-10    > 

81-87)/33,000  ==  0-00085  h.p. 

Between  the  teeth  =  0-0036  h.p.   (as  before). 

Hence  the  total  power  absorbed  in  friction  =  0-0005  +  0-0004  + 
0-00085  +  0-0036  =  0-00535  h.p.,  which  adding  the  usual  50  per  cent, 
leads   to    an   efficiency   of   (1  —  0-00802)  X  100  =  99-2  per   cent. 
EXAMPLE  2  (USING  THREE  SETS  OF  PLANET  GEARS). 
The  power  absorbed  in  friction  is  as  follows: — 
Bearing  for  driving  pulley,  etc.  =  (0-001  X  20  X  0-262  X  4  X  100) 

/33,000  =  0-00006  h.p. 
Bearings  for  output  shaft  =  (0-001    X    30    X   0-262    X    If    X 

73-684)  33,000  =  0-00003  h.p. 

Taking  the  figures  for  the  planet- gear  bearing  and  for  the  friction 
between  the  teeth  as  before,  at  0-00085  and  0-0036  h.p.  respectively,  the 
total   power   absorbed   in   friction   is   0-00006  +  0-00003  +  0-00085  + 
0-0036  =  0-00454  h.p.,  and  this  with  plus  50  per  cent  is  0-00681  h.p., 
leading  to  an  efficiency  of  (1  -  0-0068)  X  100  =  99-32  per  cent. 
EXAMPLE  3  (USING  FOUR  SETS  OF  PLANET  GEARS). 
The  power  absorbed  in  friction: 

Bearing  for  driving  pulley,  etc.         =  (0-001   X   80  X    0-262  x  2^- 

X  75)  33,000  =  0-00012  h.p. 

Output  shaft  (11  diameter  bearing)  ==  (0-001   X  5   X  0-262   X  2   X 

25)  33,000  =  0-000002  h.p. 

Output  shaft  (If  diameter  bearing)  =  (0-001  X  5  X  0-262  X  2^ 

X25)  33,000  =  0-000003h.p. 

Planet-gear  bearings  =  (0-005  X  180  X  0-262  X  1-1 

X  75)/33,000  =  0-0006  h.p. 


52  PLANETARY    GEARING 

The  power  absorbed  between  the  teeth  at  B  and  C,  and  D  and  E,  remains 
at  0-0203  and  0-0203  h.p.  as  before.  Hence  the  total  power  absorbed 
in  friction  is  0-00012  +  0-000002  +  0-000003  +  0-0006  +  0-0203  + 
0-0203  =  0-041325  h.p.  Increasing  this  by  50  per  cent  to  allow  for 
inaccuracies,  etc.,  gives  a  value  of  0-062  h.p.,  which  yields  an  efficiency 
of  (1  —  0-062)  X  100  =  93-8  per  cent. 

EXAMPLE  4  (USING  THREE  SETS  OF  PLANET  GEARS). 

The  power  absorbed  in  friction  at  a  relative  speed  of  95-116  r.p.in.: 
Bearings  for  driving  pulley,  etc.  =  (0-001  X  120  X  0-262  X  2f 

X  95-116)  -r  33,000  =  0-00025  h.p. 

Output  shaft  (If -inch  diameter  bearing)  =  (0-001    X    10    X    0-262 

X     2|     X     4-884)     4- 
33,000  =  0-000001  h.p. 

Output  shaft  (1^-inch  diameter  bearing)  =  (0-001    X    10    X    0-262 

X     2|     x     4-884)     -r- 
33,000  =  0-000001  h.p. 

Planet  gearing  bearing  =(0-005     X     63-025     X 

0-262   x   1-35   x  90-5) 
/33,000  =   0-0003   h.p. 

Since  the  power  absorbed  in  friction  between  the  teeth  of  gears 
B  and  C,  and  E  and  D  remains  as  before  at  0-066  h.p.  in  each  case,  the 
total  power  absorbed  in  friction  is  equal  to  0-0002^  +  0-000001  + 
0-000001  +  0-066  +  0-066  +  0-0003  =  0-1325  h.p.,  which  with  an 
allowance  of  50  per  cent  becomes  0-1988  h.p.,  yielding  an  efficiency  of 
100  (1  —  0-1988)/0-5  =  60-24  per  cent. 

EXAMPLE  5  (USING  FOUR  SETS  OF  PLANET  GEARS): 
Power  absorbed  in  friction: 

Bearings  for  input  shaft  (1^-inch)  =  (0-001  X  8  X  0-262  X  2 
X  500)/33,000  ==  0-00006  h.p. 

Bearing  for  planet  gear  carrier  at  a  relative  speed  of  500  —  133-3  = 
366-67  r.p.m.;  power  =  (0-001  X  32  X  0-262  X  2  X  366-6T)/ 
33,000  =  0-0002  h.p. 

Output  shaft  bearings  =  (0-001    X    24    X    0-262    X    2|    X    3-284)/ 
33,000  =  0-000002  h.p. 

Planet  gear  bearing       =(0-005     x'  78-78     X    0-262     X     1-10     X 
419-05)/33,000  =  0-0014  h.p. 

As  before,  the  power  absorbed  between  the  teeth  is:  between  B 
and  C  =  0-0025;  between  C  and  D  =  0-1341;  between  E  and  F 
=  0-1341  h.p. 

Hence,  the  total  power  absorbed  in  friction  is  equal  to  0-00006  + 
0-0002  +  0-000002  +  0-0014  +  0-0025  +  0-1341  +0-1341  ==  0-2723  h.p., 
which  adding  the  usual  50  per  cent,  becomes  0-4085,  giving  the  efficiency 
of  the  unit  as  (1  —  0-4085)  100/0-5  ==  18-29  per  cent. 
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Fig.  13.     A  Three-stage  Planetary  Reduction  Unit 

A  3-stage  Reduction  Unit. 

A  fairly  efficient  and  practical  planetary  gear  reduction  unit  can 
be  constructed  by  combining  two,  three,  or  more  single  units  of  the 
type  shown  in  Fig.  3,  a  type  which  has  a  fairly  high  individual  efficiency 
value.  These  units  are  arranged  so  that  the  output  shaft  of  the  first 
unit  becomes  the  driving  shaft  of  the  second  unit,  and  so  on.  With 
such  a  multiple  reduction,  it  is  quite  easy  to  obtain  a  fairly  high  reduction 
ratio.  A  3-stage  reduction  unit  is  shown  in  Fig.  13,  in  which  the 
reduction  at  each  stage  is  6  to  1,  giving  an  overall  reduction  ratio  of 
216  to  1.  All  the  revolving  parts  are  mounted  on  ball  bearings,  except 
the  planet  gears,  which  are  fitted  with  needle  bearings.  The  planet  gears 
of  the  first  and  second  stages  are  made  of  a  plastics  gear  material,  to 
assist  in  keeping  down  noise.  The  calculations  of  this  particular  unit 
are  as  follows: — 

First  Stage:  The  power  to  be  transmitted  is  1  h.p.,  and  the  speed 
of  the  input  shaft  is  1,000  r.p.m. 

Using  gears  of  10  diametral  pitch,  F  =  (1  X  63025)/(1-05  X  1000) 
=  60  Ib.  Also,  F!  =  2F  =  120  lb.,  and  the  speed  of  the  output  shaft 
is  1000£  (£+  D)  =  (1000  x  21)  (21  +  105)  ==  166-66  r.p.m. 

The  speed  of  the  planet  gears  is  BDJC(B  +  D)  =  (166-66  X  105)/ 
42  =  416-67  r.p.m.,  with  the  speed  of  the  planet  gear  at  the  pitch 
line  equal  to  0-262  x  4-2  X  416-67  =  458-5  ft.  per  min.  Since  Ss  may 
be  taken  as  8,000,  S  =  (8000  x  600)/(600  +  458-5)  =  4535  lb.  per  sq. 
inch.  Using  one  planet  gear,  F  =  60  lb.,  hence  /  =  (60  X  10)/  (4535 
X  0-394)  =JKJ355  in.;  and  by  the  formula  /=  (0-15^7  V+  9)/P, 
/  =  (0-15\/458-5  +  9)/10  =  1-221  in.  It  is  obvious  from  the  different 
results  obtained  for  /  from  the  two  formulae,  that  the  pitch  selected  is 
too  great.  Using  teeth  of  20  diametral  pitch,  /  by  the  first  formula 
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becomes  0-67,  and  by  the  second  formula,  0-61  in.,  showing  that  gears 
with  a  face  width  of  f-in.  and  pitch  of  20  diametral  pitch  will  be  quite 
suitable,  with  three  sets  of  planet  gears  to  balance  the  unit. 

For  this  first  unit,  the  power  absorbed  in  friction  is  as  follows: — 

Between  the  teeth  it  is  equal  to  (0-01  X  60  X  1-0642  X  2  x 
416-67  x  84  x  2)/(33000  x  20  x  12)  =  0-0113  h.p. 

At  the  input  shaft,  with  weight  of  rotating  parts  equal  to  3  lb., 
the  power  dissipated  is  (0-002  X  3  X  0-262  X  If  X  1000)/33,000  = 
0-00008  h.p. 

At  the  output  shaft,  with  the  weight  of  rotating  parts  equal  to 
20  lb.,  the  load  on  bearing  No.  1  is  5  lb.  and  the  load  on  No.  2  is  15  lb. 

Power  absorbed  at  bearing  No.  1  is  (0-001  X  5  X  0-262  x  1-438 
X  166-7)  33,000  =  0-0000095  h.p.;  while  that  absorbed  at  No.  2 
bearing  is  equal  to  (0-001  X  15  X  0-262  X  2-875  x  166-7)/33,000  = 
0-000057  h.p.  Also  that  absorbed  at  the  planet-gear  bearing  is 
(0-005  x  120  x  0-262  x  1-1  X  416-6)/33,000  =  0-002184  h.p. 

Hence,  the  total  power  absorbed  in  friction  by  the  first  stage  is 
equal  to  0-0113  +  0-00008  +  0-0000095  +  0-000057  +  0-002184  = 
0-0136  h.p. 

Second  Stage:  For  this  stage  the  power  input  is  equal  to  1  —  0-0136 
—  0-9864  h.p.;  and  the  speed  of  the  input  shaft  is  equal  to  the  speed 
of  the  first-stage  output  shaft,  or  166-7  r.p.m.  The  speed  of  the  output 
shaft  is  (166-7B)/(B  +  D)  =  (166-7  x  21)  (21  +  105)  ==  27-78  r.p.m.; 
and  the  speed  of  the  planet  gears  is  (27-78  X  105)  42  =  69-44  r.p.m. 
Therefore  F  =  (0-9864  X  63025)/(1-05  X  166-7)  -  355Jb.,  which  when 
using  three  sets  of  planet  gears  becomes  118-33  lb.,  F l  =  2  F  =  2  X 
355  =  710  lb.  The  speed  of  the  planet  gear  at  the  pitch  line  is  0-262 
X  4-2  x  69-44  =!  76-416  ft.  per  min. 

Taking  Ss  as  8,000,  S  =  (8000  x  600)  (600  +  76-416)  =  7096  lb. 
per  sq.  inch,  and/  =  (118-33  X  20)/(7096  X  0-438)  =  0-761  in.  Also 
by  the  other  criterion/is  calculated  as  (0-15\/76-416  +  9)  20  ==  0-516- 
These  values  are  sufficiently  near  to  take  f  =  |-inch. 

The  power  absorbed  in  friction  between  the  teeth  is  equal  to 
(0-01  x  355  x  1-0642  x  2  x  69-44  x  84  x  2)/(33000  X  20  x  12)  = 
0-01107  h.p.;  and  that  absorbed  at  the  planet-gear  bearing  is  (0-005  X 
710  x  0-262  x  1-1  X  69-44)  ~  33,000  =  0-002152  h.p. 

The  friction  of  the  input  shaft  has  already  been  accounted  for  as 
the  friction  of  the  output  shaft  of  the  first  stage,  but  with  reference 
to  the  output  shaft,  the  weight  of  rotating  parts  is  20  lb.  which  is 
distributed  as  5  lb.  on  bearing  No.  3  and  15  lb.  on  bearing  No.  4.  The 
friction  absorbed  at  No.  3  amounts  to  (0-001  X  5  X  0-262  X  1-438 
X  27-78)/33,000  =  0-00000159  h.p.;  and  that  for  No.  4  amounts  to 
(0-001  x  15  x  0-262  x  2-875  x  27-78)/33,000  =  0-0000095  h.p. 
Therefore,  the  total  power  absorbed  in  friction  by  the  second  stage  is 
equal  to  0-011067  +  0-002152  +  0-00000159  +  0-0000095  =  0-0132  h.p. 

Third  Stage:  For  this  stage,  the  input  power  is  0-9864  —  0-0132  = 
0-9732  h.p.  and  the  speed  of  the  input  shaft  is  27-78  r.p.m.  Accordingly, 
the  speed  of  the  output  shaft  is  (21  x  27-78)  (21  +  105)  =  4-6295 
r.p.m. 


The  speed  of  the  planet  gears  is  (4-6295  X  105)  42  =  11-574 
r.p.m.  and  F  =  (0-9732  x  63025)/ (1-05  X  27-78)  =  2103  lb.,  with 
F1  =  2F  =  2  X  2103  =  4206  lb.  Hence,  the  speed  of  the  planet  gear 
at  the  pitch  line  is  0-262  X  4-2  X  11-574  =  12-736  ft.  per  min. 

Using  gears  of  10  diametral  pitch,  and  Ss  =  18,000,  S  becomes 
(18000  x  600)  (600+  12-736)  =  17620  lb.  per  sq.  inch;  and  the  value 
of  F,  using  three  sets  of  gears  is  2103/3  =  701  lb.  Hence,  /_==  (701  X 
10)/(17620  X  0-394)  ==  1-009  in.  From  /  =  (0-15  V  V  +  9)P, 
the  value  of  /  is  equal  to  (0-15  \/12-736  +  9),'10  =  0-954  in.,  so 
that  a  face  width  of  1  in.  will  be  quite  suitable. 

The  power  absorbed  in  friction  between  the  teeth  is  (0-01  X  2103 
x  1-0642  x  2  x  11-574  x  42  x  2)/(33000  x  10  x  12)  -  0-01099  h.p., 
and  that  absorbed  at  the  planet-gear  bearing  is  (0-005  X  4206  X  0-262 
X  1-1  X  11-574)  33,000  =  0-002126  h.p.  Since  the  input  shaft  of  the 
present  stage  is  the  output  shaft  of  the  second  stage,  the  corresponding 
power  loss  has  already  been  accounted  for. 

With  regard  to  the  output  shaft,  the  weight  of  revolving  parts  is 
20  lb.,  hence  the  load  on  bearing  No.  5  can  be  taken  as  5  lb.  and  that 
on  bearing  No.  6  as  15  lb.  Hence  the  power  absorbed  in  friction  at  these 
bearings  is  (0-001  x  5  X  0-262  x  1-438  X  4 -6295) /33,000  =  0-00000026 
h.p.  at  No.  5  and  (0-002  x  15  X  0-262  x  2-875  X  4-6295)  33,000  = 
0-00000316  h.p.  at  No.  6. 

The  total  power  absorbed  in  friction  at  the  third  stage  is,  therefore, 
0-01099  +  0-002126  +  0-00000026  +  0-00000316  =  0-0131  h.p.:  and 
the  total  power  absorbed  in  friction  by  the  complete  triple  unit  is 

TABLE   XIII.     TABULATED    RESULTS   FOR   THREE   STAGE   PLANETARY 
REDUCTION  UNIT 
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1  _  (0-9732  —  0-0131),  i.e.,  0-0399  h.p.,  which  with  the  usual  50  per 
cent  becomes  0-0599  h.p.,  giving  the  overall  efficiency  as  (1  —  0-0599) 
X  100  =  94-01  per  cent.  A  summary  of  the  results  obtained  are  set 
out  in  Table  XIII. 

General  Considerations 

It  will  be  appreciated  that  none  of  the  results  computed  for  the 
preceding  examples  will  be  realized  unless  certain  important  points 
are  observed  in  the  general  design  and  construction.  The  gears  must 
be  accurately  manufactured  and  mounted  in  alignment.  Also,  an 
efficient  lubricating  system  must  be  adopted  employing  a  suitable 
lubricant.  These  points  are  discussed  more  fully  as  follows: 

GEARS:  All  gears  should  be  generated,  and  preferably  ground  on 
the  teeth,  so  that  the  best  possible  rolling  action  is  obtained,  free  from 
interference  and  giving  an  even  load  distribution  over  the  full  face 
width.  Only  a  slight  amount  of  backlash  should  be  provided,  sufficient 
to  allow  for  the  inaccuracies  in  tooth  form  and  spacing,  and  to  prevent 
interference  with  free  running. 

Internal  gears  can  always  be  used  satisfactorily  in  planetary 
gearing,  because,  compared  with  external  gears,  the  rolling  length  of 
the  tooth  is  increased  and  the  sliding  action  reduced,  while  the  teeth 
are  stronger  at  the  root.  They  also  have  more  teeth  in  contact,  and 
consequently  sustain  less  wear  due  to  distribution  of  load.  This 
characteristic  makes  them  very  suitable  for  the  final  driven  gear  where 
pressures  are  high,  as  for  the  example  shown  in  Fig.  Ill  As  previously 
illustrated,  the  design  of  the  internal  gear,  or  driving  pulley,  can  be 
arranged  to  enclose  the  whole  unit,  thus  providing  an  efficient  oil  bath 
and  guard. 

Where  sun  and  annulus  gears  are  used,  the  ratio  between  the 
annulus  and  the  planet  gear  must  obviously  be  greater  than  2  to  1, 
consequently,  the  internal  gear  can  be  generated  with  standard  involute 
teeth,  without  any  correction  for  interference. 

In  order  to  reduce  the  sliding  action  between  the  teeth  as  far  as 
possible,  it  is  advisable  to  use  stub  teeth,  which  have  a  pressure  angle 
of  20  deg.  Such  teeth  have  shorter  addenda  and  dedenda,  thus  giving 
a  better  rolling  action,  increased  strength,  and  a  more  efficient  trans- 
mission. 

A  slight  amount  of  end  play  or  clearance  should  be  provided,  to 
allow  for  the  rise  in  temperature  during  operation,  which  arises  due  to 
friction  and  oil  turbulence.  This  precaution  will  prevent  undue  heating 
of  the  bearings,  and  probable  seizure  or  breakage. 

GEAR  MATERIAL:  The  material  selected  will  depend,  to  a  large 
extent,  on  the  tooth  pressures  transmitted.  Generally  speaking,  the 
greater  the  tooth  pressure,  the  better  the  grade  of  steel;  so  that  the 
allowable  static  unit  stress  is  increased  to  keep  the  gears  strong  and 
as  small  as  possible. 

For  transmitting  high  tooth  pressures,  the  teeth  should  be 
hardened  and  ground,  to  obtain  the  best  rolling  action. 
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For  light  power  transmission,  or  for  hand  operation,  the  planet 
gears  may  be  made  of  phosphor-bronze  or  one  of  the  well-known  plastics 
materials  specially  developed  for  gear  work,  with  the  remaining  gears 
of  good  quality  carbon  steel.  Where  tooth  pressures  permit,  such 
plastics  material  are  of  considerable  help  in  reducing  noise,  and  obtaining 
smooth  running. 

LUBRICATION:  Since,  in  planetary  gearing,  tooth  pressures  are 
generally  high,  it  is  essential  to  have  the  best  possible  lubricating 
system,  and  to  use  a  lubricant  capable  of  withstanding  the  pressure  and 
preventing  metallic  contact  as  far  as  possible.  Without  a  suitable 
oil  film,  a  low  coefficient  of  friction  cannot  be  obtained,  and  to  maintain 
a  high  efficiency,  the  oil  should  be  continuously  drawn  from  the  zones  of 
tooth  contact.  In  planetary  gearing,  although  the  reduction  ratio  may 
be  high,  the  relative  velocities  of  the  various  component  gears  are 
high,  and  insufficient  time  is  given  during  the  engagement  of  teeth  to 
permit  the  film  of  oil  to  escape.  With  excessive  speed,  however, 
lubrication  may  become  difficult,  because  of  centrifugal  action  which 
throws  the  lubricant  off  the  teeth  before  the  zone  of  contact  is  reached. 
Here,  a  lubricant  possessing  special  "clinging"  properties  may  be 
necessary. 

STARTING  TORQUE:  With  planetary  gearing,  as  with  most  other 
power-transmitting  systems,  the  starting  or  static  friction  may  be  some 
50  per  cent  greater  than  the  running  friction.  This  may  be  of  con- 
siderable importance  to  success  or  failure  if  the  reserve  of  power  is 
limited. 
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